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The concept of implied volatility in the Black-Scholes model is one of the
key points of its success and its widespread use.

Here we develop a similar concept but now under a Lévy framework and
therefore based on empirical more founded distributions.

We introduce Levy implied time and space volatility and make a study of
the shape of implied Lévy volatilities.

We work out details for the Normal Inverse Gaussian and the Meixner
settings.

The model's delta-hedging performance is investigated.

Moreover, we look for the historical optimal settings on the basis of a
delta-hedge study on the S&P500.

We show that under such parameter settings the model performs
systematically better.
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The Black Scholes Model

n The Black-Scholes model:
St = Soexp((r g 2=2)t+ Wy):; t O

where > 0 is the volatility parameter, r is the risk-free rate,
g the dividend yield and W = fW;;t 0Ogis a standard Brownian motion.

n Recall that a standard Brownian motion is a stochastic process that
u starts at zero,
u has stationary and independent increments
u increments are normally distributed : Wi+s W; Normal(0;s)
(zero mean and variance s).

n The price of an European Call option (strike K ; maturity T):
C(KiT;;rqg;So)=exp( qT)SoN(di) exp( rT)K N(d2):
where

— 2 — — 2 —
Iog(So—K)+(plrT a*t =T indd, = Iog(So—K)+(plrT q =2

d1:

Wim Schoutens, 24-03-2009

Frankfurt, Germany - p. 3/22



http://www.schoutens.be

QOutline

Black-Scholes Implied Volatility

| The Black Scholes Model

| Black Scholes Implied

\olatility

| Implied Black Scholes
Volatility

| Some Problems with Implied
\olatility

Implied Lévy Volatility

Lévy Process Examples

Smiling Lévy Waves

Historical Optimal

Conclusion

Black Scholes Implied Volatility

n Given the market price of an European call option (strike K ; maturity T)
one can calculate the corresponding implied Black-Scholes volatility

mpied s = (K;T);

that one needs to plug in the Black-Scholes pricing formula such that the
corresponding model price matches perfectly the market price.

n Smiling and smirking implied volatility curve (over strike):

ey . CREDITRISK

n Most of the time the implied volatility is increasing with maturity.
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Implied Black Scholes Volatility

n However, this smirk (or smile) is very model based: it is the translation of
a market price to a model's parameter related to the standard deviation of
the logreturn distribution.

n Several ad hoc explanations for seeing a smirk are given like there is
In equity more risk on the downside than on the upside.

n Eventually it boils down to the fact that the underlying distribution is not
adequate enough to explain true behavior and as such one modi es the
standard deviation, and hence its tail behavior accordingly to the situation.

n It is therefore that the quote

"one plugs the wrong number in the wrong formula to get the right price"

circulates in the quant community.
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Some Problems with Implied Volatility

n Implied volatility (and also the derived greeks, like delta, gamma, sharm,
vanna, etc.) is based on a light-tailed distribution.

n Inter- and extrapolation errors on very skewed surfaces

n What implied vol to take if one prices a Barrier options, say with strike K
and barrierH ? (K;T); (H;T); or (K + H)=2,T)?
n An implied volatility surface is static: it describes the implied volatilities at
a given moment in time.
What happens if spot moves, say from 100to 120 ?
u sticky strike: if spot changes, the implied volatility of an option with a
given absolute strike doesn't change:
(K =120;T; S+ =1200= (K =120;T;S =100)
u sticky delta: if spot changes, the implied volatility of an option with a
given moneyness doesn't change :
(K =120;T; S+ =1200= (K =100;T;S; =100)
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Implied Lévy Volatility

Imagine that Black, Scholes and Merton, did not know the Normal
distribution or hated it, but really were into another distribution L
(maybe one more in line with the empirical observed).

Imagine they came up with a completely similar model
St = Soexp((r g+ !')t+ X ); t O

where > O, r is the risk-free rate, g the dividend yield and

X = fX¢;t 0gis a stochastic process (Lévy process) that

u starts at zero,

u has stationary and independent increments

u increments are now following the new mother distribution;
Xi+s X has as before zero mean and variance s.

Note the presence of aterm! in the drift part in order to make dynamics
risk-neutral.

By Lévy process theory, the distribution L needs to be in nitely divisible
and the process is completely identi ed by the law of X (i.e. L)

The logreturn distribution's standard deviation (on a yearly basis) would
again be
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Implied Lévy Space Volatility

n Once one has xed the distribution of X1 (which we assume as in the
Brownian case to have mean zero and variance at unit time equal to 1),
one can for a given market price look for the corresponding

implied Lévy space — (K, T )1
which we will call the implied Lévy space volatility, such that the model

price matches exactly the market price.

n We do not touch on the concept of implied volatility, but just base
everything on another (read more empirically founded) distribution.

n How would then the volatility surface look like , would that have an impact
on the pricing of exotics and would the P&L of the hedge be better ?

Wim Schoutens, 24-03-2009

Frankfurt, Germany - p. 8/22



http://www.schoutens.be

QOutline

Black-Scholes Implied Volatility

Implied Lévy Volatility

| Implied Lévy Volatility

| Implied Lévy Space Volatility
| Implied Lévy Time Volatility

| Pricing Vanillas under Lévy

Models
| Greeks under Lévy Models

Lévy Process Examples

Smiling Lévy Waves

Historical Optimal

Conclusion

Implied Lévy Time Volatility

-]

-]

Note that for a Brownian motion: W ; W 2, Normal(0; °?t)

Stock price model :

St = Soexp((r g+ !)t+ X 2);t O

where X = fXi;t
and Var[X1]=1.
Again ! is a constant making the dynamics risk-neutral.

Note that also : Var[X 2] = *t, hence again the logreturn distribution's
standard deviation (on a yearly basis) is

Og, is a Lévy process with E[X1] =0

For a given market price look for the corresponding

= (K;T);

implied Lévy time

which we will call the implied Lévy time volatility, such that the model
price matches exactly the market price.
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Pricing Vanillas under Lévy Models

n Carr-Madan formula in combination with FFT gives a very fast evaluation
of vanillas:

jog(K)) © **

0

ck;T)= XN

exp( ivlog(K))% (v)dv;

where
06 (vy = SXPC rT)E[exp(ilv. ( +1)1)log(Sr))] .
e (V)= 2 + v2+ (2 +1)v '

n The only dependence of the Carr-Madan formula on the model comes
from the characteristic function of the log-price process at maturity T,

(u;T) = Eqlexp(iulog(Sr))]

n This characteristic function is available in closed-form for many
popular Lévy processes.

Wim Schoutens, 24-03-2009

Frankfurt, Germany - p. 10/22



http://www.schoutens.be

Greeks under Lévy Models

n Delta and many other greeks can be calculated in a similar fashion:

Z .,
Outine - exp(_ log(K)) exp( ivlog(K))% (v)dv;

Black-Scholes Implied Volatility 0

Implied Lévy Volatility

| Implied Lévy Volatility where

| Implied Lévy Space Volatility

| Implied Lévy Time Volatility % (V) — exp( rT) (V ( M 1) I’ T)
| Pricing Vanillas under Lévy SO ( + |V)

Models

| Greeks under Lévy Models

Lévy Process Examples

Smiling Lévy Waves

Historical Optimal

Conclusion

Wim Schoutens, 24-03-2009 Frankfurt, Germany - p. 11/22



http://www.schoutens.be

QOutline

Black-Scholes Implied Volatility

Implied Lévy Volatility

Lévy Process Examples

I NIG

| Meixner

Smiling Lévy Waves

Historical Optimal

Conclusion

NIG

The characteristic function of the Normal Inverse Gaussian distribution
NIG(; ; ; ) with parameters > 0, 2] ; [, > 0Oand 2 R:

P
NG (U; 5 s )=exp iu g 2 ( +iu)? 2 2

If the parameter is equal to zero the distribution is symmetric around
whereas negative and positive values of result in negative and positive
skewness

NIG(; ;; ) NIG(; 0;; )
mean L3y - R—
variance 2oz 2 -
skewness | 3 ¢ =2 2 2 ¥ 0
kurtosis 3 1+ —pi 31+ =
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Meixner

n The characteristic function of the Meixner distribution Meixner (; ;; )
with parameters > 0, 2] ; [, > 0Oand 2 R:
0 1,
_ Cos >
vener (U; ;55 )=exp iu @ 2—A
cosh —

n A parameter equal to zero indicates a symmetric distribution around
whereas negative and positive values of lead to negative and positive
skewness, respectively.

Meixner ( ; ; ; ) | Meixner(; O;; )
mean + tan 3
. 2 2
variance e ——
20032(@')_ 2
skewness sin > £ 0
kurtosis 34 2.cosC) 3+ 1
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Lévy Waves

n First, we will calculate the implied Lévy volatility for the NIG Lévy model
for various Black-Scholes implied volatility shapes and vice-versa
(T=1;r=q9=0;So =100).

n The symmetric cases :

s NIG

NIG space volatility, k = 0, inverse square root BS volatility
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Lévy Waves

n Some asymmetric cases:

NIG space volatility, k = -0.625, inverse square root BS volatility
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What I1s Flat Here I1s not Flat There

n A at Black-Scholes implied volatility curve corresponds t o a reversed

smiling Lévy implied volatility curve under each symmetric NIG model.
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What I1s Flat Here I1s not Flat There

n A at NIG implied volatility curve corresponds to a smiling i mplied
Black-Scholes volatility curve.

Ses for a flat space leG(k =0,a) Ses for a flat time leG(k =0,a)
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— SNiG
——a=125
0.215 a=15 — NG
—a=175 022 ——a=25
0.21 a=2 a=275
—a=225 021} a=3
0.205 —a =25 — g =3.25
2 a=275 2 02 a=35
()] — (%] -
0.2 a=3 a=375
—a=325 —a=4
015 a=35 019¢ a=425
' a=3.75 —a=45
—a=4 0.18f ——a=475
0187 a=425 —a=5
—a=45
i 0.07}
0.185 ——a=475
—a=5
0.18 1 1 1 1 1 0.16 1
70 80 90 100 110 120 130 70 80 90 100 110 120 130
K K

Wim Schoutens, 24-03-2009

Frankfurt, Germany - p. 17/22



http://www.schoutens.be

Lévy Greeks

n Delta can be signi cantly different with respect to Lévy imp lied volatility.

: Delta in function of the volatility Delta in function of the maturity
Outline 09 —— 08 : : : :
—BS
Black-Scholes Implied Volatility 085 : NIG space (a = 1.25) |1
o N B ~+ NIG space (a = 1.75) 0.751

Implied Lévy Volatility 08l = NIG time (a = 1.25)

) N e NIG time (a = 1.75)
Lévy Process Examples 0.75} -

0.7
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— s
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Vanna and Charm

n Vanna measures cross-sensitivity of the option value with respect to
change in the underlying price and the volatility, which can also be
Interpreted as the sensitivity of delta to a unit change in volatility.

n Delta decay, or charm, measures the time decay of delta.

n Vanna and Charm can be signi cantly different with respect t o Lévy
implied volatility.

Vanna in function of the volatility Charm in function of the maturity
0.5 . T T T T T T 0.4 T
—BS
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Historical Delta

n Consider a one month to maturity ATM option on the SP500 and assume
as a proxy of BS implied vol the value of the VIX.

0.9
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Improving the Delta Hedge

n We look for the best symmetric Lévy model, i.e. the model leading to the
lowest variance of the empirical hedging error distribution of the
Outine one-month ATM call option written on the S&P500 index.

Black-Scholes Implied Volatility

Variance of HE(DY) - NIG model (k =0) Variance of HE(DY) - Meixner model (k = 0)
Implied Lévy Volatility 3 : : : : 7 : : : : : »
¢ L
BS :
Lévy Process Examples 28k | + 10 Meixner space :
E ||+ 0+ Meixner time -
Smiling Lévy Waves e e P 6 o
2.6 .‘\.\‘.\‘. o :
Historical Optimal : o ® . .
Q - o -0 8} [ ]
g ' g :
Conclusion = 221 9 S .
S [} > 4F :‘
8 2r o) ’
w w >
- [ R
18 . et
S *
161 o® '
() e
o e - BS
14 "0 000" ++@+ NIG space| |
@ NIG time
| | | | 1 | | | | | | |
1 12 14 16 18 2 0 05 1 15 2 25 3 35 4

n Considering implied Levy models allows to reduce greatly the variance of
the hedging error.
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Conclusion

n We have introduces implied Lévy volatilities.

n The shape of the implied volatility surface can be quite different. Under
some settings a atter surface can be obtained.

QOutline

Black-Scholes Implied Volatility

n Greeks are also sometimes quite different which results in different delta
hedging strategies.

Implied Lévy Volatility

Lévy Process Examples

n A historical optimal setting (in terms of hedge P&L) can be calculated,
which leads to a signi cant reduction of the P&L's variance.
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Eemmmmm = CONTACT:
Wim Schoutens ( K.U.Leuven)
Celestijnenlaan 200 B, B-3001 Leuven, Belgium
Email: wim@schoutens.be
Technical reports and more info on: www.schoutens.be

Wim Schoutens, 24-03-2009 Frankfurt, Germany - p. 22/22




	Outline
	Contents

	Black-Scholes Implied Volatility
	The Black Scholes Model
	Black Scholes Implied Volatility
	Implied Black Scholes Volatility
	Some Problems with Implied Volatility

	Implied Lévy Volatility
	Implied Lévy Volatility
	Implied Lévy Space Volatility
	Implied Lévy Time Volatility
	Pricing Vanillas under Lévy Models
	Greeks under Lévy Models

	Lévy Process Examples
	NIG
	Meixner

	Smiling Lévy Waves
	Lévy Waves
	Lévy Waves
	What is Flat Here is not Flat There
	What is Flat Here is not Flat There
	Lévy Greeks
	Vanna and Charm
	Historical Delta

	Historical Optimal
	Improving the Delta Hedge


