
Auto-Static for the P eople:

Risk-Minimizing Hedges of Barrier Options

Johannes Siv én

�
Rolf P oulsen

y

F ebruary 18, 2008

Abstract

W e presen t a metho d for computing risk-minimizing static hedge strategies. The

metho d is straigh tforw ard, y et �exible with resp ect to the t yp e of con tingen t claim

b eing hedged, the c hoice of risk-measure, and the underlying asset dynamics. Ex-

p erimen tal in v estigations for barrier options sho w that in a sto c hastic v olatilit y

mo del with jumps the resulting hedges outp erform previous suggestions in the lit-

erature. W e also illustrate that the risk-minimizing static hedges w ork in an in�nite

in tensit y Levy-driv en mo del, and that the p erformance of the hedges is robust to

mo del risk.

Key w ords: Risk-minimization, static hedge, barrier option, Bates mo del, NIG

mo del, mo del risk.

AMS sub ject classi�cation: 91B28, 91B30

JEL classi�cation: G13, C61

1 In tro duction

In this pap er w e presen t a risk-minimizing framew ork for static hedging under general

asset dynamics. The idea is simply this: Let P b e the time- T ( T could b e random)

pa y o� of an exotic option w e w an t to hedge, and let H = ( H1; : : : ; HM ) b e the time- T
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v alue of some hedging instrumen ts; think of these as plain v anilla options. Giv en a loss

function u that sp eci�es our risk-measure (for instance u(x) = x2
or u(x) = x+

), c ho ose

the hedge w eigh ts c that minimize

E[u(P � H � c)] (1)

sub ject to constrain ts on the p ortfolio w eigh ts and the cost of the p ortfolio; suc h con-

strain ts are linear b y nature. Use the sample a v erage metho d: Generate N indep enden t

samples (P (n) ; H (n)) , appro ximate E[u(P � H � c)] b y

1
N

NX

n=1

u(P (n) � H (n) � c);

and minimize this expression n umerically sub ject to the constrain ts; when u is con v ex

this is an easy n umerical problem. Besides the �exibilit y regarding the c hoice of risk-

measure and the conceptual and n umerical simplicit y illustrated b y the 10-line descrip-

tion ab o v e, this w a y of constructing hedge p ortfolios has sev eral other adv an tages. First,

real mark ets are not complete, so exotic options cannot b e p erfectly hedged; statically

or otherwise. Con trary to previous constructions of static hedges, the risk-minimizing

approac h giv es an ex-an te measure of the residual risk of the hedge. It ev en pro vides a

full (cost, risk)-pro�le; an e�cien t fron tier. Second, the prop osed metho d is truly gen-

eral with resp ect to the dynamics of the underlying. There are no hidden assumptions

(suc h as Mark o vianit y , con tin uit y , zero-correlation, : : :) that cause it to break do wn or

yield only trivial results.

The main con tribution of this pap er lies in the application of the risk-minimizing

approac h to static hedging of barrier options. In the 90's

1

P eter Carr and Eman uel

Derman (and v arious co-authors) demonstrated that in the Blac k-Sc holes mo del there

are simple w a ys to construct p ortfolios of plain v anilla options that p erfectly matc h the

pa y o� from barrier options without the need for dynamic adjustmen ts; one sets up the

p ortfolio at initiation, monitors when the barrier option expires or is kno c k ed out, and

then un winds the p ortfolio of v anilla options. Since then, suc h static hedges ha v e b een

studied extensiv ely in the literature. Most w orks tak e outset in the results and tec hniques

from the basic Blac k-Sc holes framew ork, whic h are then t w eak ed and extended. In this

1

Early pap ers are Carr, Ellis & Gupta (1998) and Derman, Ergener & Kani (1995); a recen t surv ey

is P oulsen (2006). Carr used symmetry to pro v e equiv alence b et w een barrier options and certain simple

claims, whic h are then replicated b y di�eren t-strik e calls and puts. Derman describ ed a n umerical

metho d that uses options with di�eren t expiries, and is v ery easy to understand.
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pap er w e tak e a di�eren t view b y starting from general principles and then demonstrating

their practical applicabilit y . Some sources do tak e a minimization or regression approac h

to static hedging; examples are Dup on t (2001), Allen & P ado v ani (2002), and P ellizzari

(2005). Ho w ev er, compared to the tec hniques and in v estigations in this pap er, those

studies are limited b y considering some com bination of (i) only the quadratic criteria,

(ii) e�ectiv ely unconstrained p ortfolios, and (iii) only the Blac k-Sc holes framew ork.

In our exp erimen ts w e lo ok at four di�eren t risk measures: quadratic ( u(x) = x2
),

p ositiv e part ( u(x) = x+
), v alue-at-risk and exp ected shortfall. The t w o latter cases do

not immediately presen t themselv es on the form (1), but giv en the samples (P (n) ; H (n))

w e can nev er the less compute the risk-minimizing hedge strategies b y solving minimiza-

tion problems � a con v ex problem in the case of exp ected shortfall and a non-con v ex

for v alue-at-risk. W e in v estigate the p erformance of the static hedge strategies on up-

and-out call-options using Europ ean call-options as hedging instrumen ts. Discon tin uit y

(the corresp onding plain v anilla call is in-the-money when the barrier option kno c ks

out) mak es this a hard hedging problem, but also the most relev an t test for practical

purp oses: b y far the largest trading v olume in barrier options is in suc h �rev erse� or

�liv e-out� options. The metho d w e prop ose easily repro duces an y static hedge p ortfolio

based on Blac k-Sc holes assumptions, and w e sho w that in a more complex mo del �

the Bates mo del with sto c hastic v olatilit y and jumps � it giv es hedge p ortfolios with

sup erior p erformance to those recen tly suggested in the literature. This exp erimen t also

highligh ts the imp ortance of b eing able to handle the cost/risk trade-o�, and that no

univ ersally optimal static hedge strategy exists; it dep ends on whic h risk-measure is

used.

W e end the pap er b y lo oking at mo del risk asp ects through t w o ge dankenexp erimente .

These demonstrate that (i) it is b ene�cial (but not crucial) to tak e in to accoun t the join t

dynamics of state v ariables and plain v anilla options (�b oth P and Q matter�), (ii) static

hedging through risk-minimization is also feasible in in�nite in tensit y Levy-mo dels where

previously suggested tec hniques do not w ork, (iii) the p erformance of the risk-minimizing

static hedges is robust to mo del risk in the sense that a Bates-optimal hedge p erforms

w ell in the Normal In v erse Gaussian mo del, and vice v ersa, pro vided that the mo dels

agree on v anilla option prices.
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2 Risk-minimizing static hedges

Consider a formal setting lik e this: Let T b e some �nite �nal time-p oin t, lo ok at a �ltered

probabilit y space, and let (St )t2 [0;T ] b e an adapted pro cess mo delling a traded asset, the

sto ck for easy reference. Let P denote the (one and only) time- T pa y o� of a con tingen t

claim, an exotic, illiquid, or path dep enden t option on the sto c k. F urthermore, let

H = ( H1; : : : ; HM ) denote the time- T v alue of M liquid hedging instrumen ts: t ypically

plain v anilla options, but more generally an y con tingen t claims. A static he dge str ate gy

is some c = ( c1; : : : ; cM ) 2 RM
, where ci represen ts the p osition in the i th hedging

instrumen t ( ci > 0 is a long p osition), so the time- T v alue of the corresp onding hedge

p ortfolio is H � c =
P M

m=1 cmHm .

2.1 De�nition of a risk-minimizing hedge

Lo ok at a function u : R 7! R, and let D denote a compact set in RM
. W e de�ne a

risk-minimizing he dge str ate gy corresp onding to u and D as a solution to the sto c hastic

programming problem

min
c2 D

E[u(P � H � c)]: (2)

The de�nition of the hedging strategy is quite natural: P � H � c is the loss on a short

p osition in the exotic con tract, and short is the t ypical direction for an exotic option

hedger; buy ers most often use the con tracts for sp eculativ e or insurance purp oses, and

th us ha v e little in terest in (or abilit y to) hedge their option p osition.

The requiremen t that the set D of admissible strategies is a compact is v ery natural

from a practical p oin t of view: hedgers cannot tak e arbitrarily large p ositions. F urther-

more, note that a restriction on the price of the hedge p ortfolio giv es a simple linear

restriction.

An appro ximation of the minimizer of g(c) = E[u(P � H �c)] can b e computed b y the

so-called sample a v erage appro ximation metho d. T o this end N indep enden t samples

(P (n) ; H (n)) of the pair (P; H) are generated, and g(c) is appro ximated b y

bgN (c) =
1
N

NX

n=1

u(P (n) � H (n) � c): (3)

In cases where u is con v ex and D is de�ned b y linear constrain ts, this can b e minimized

with little di�cult y with standard n umerical metho ds. Most o�-the-shelf soft w are pac k-

ages ha v e e�cien t solution algorithms. Not only is the sample a v erage appro ximation
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metho d in tuitiv ely app ealing, it can b e sho wn, see Shapiro (2008) and the references

therein, that under mild conditions the minimizer of (3) con v erges to the minimizer of

(2) as N ! 1 . In fact, re�ned asymptotic normalit y and large deviations results are

a v ailable.

2.2 Scaling and non-linearit y of the hedges

F or a momen t let us assume that u has the form

u(x) = � 1(x � )
 + � 2(x+ )
 ; (4)

where � 1; � 2 � 0 and 
 � 1 are constan ts. This means that u has the p ositiv e homo-

geneit y prop ert y u(�x ) = � 
 u(x) , � > 0. With the con v en tion �D = f bc 2 RM ; bc =

�c for some c 2 Dg, w e see b y direct insp ection that c� 2 D minimizes E[u(P � H � c)]

o v er D if and only if �c �
minimizes E[u(�P � H � c)] o v er �D . So assuming that bud-

get and w eigh t restrictions c hange appropriately , w e can compute the risk minimizing

hedge of a single con tract and then scale the hedge w eigh ts b y � > 0 to obtain the risk

minimizing hedge for � con tracts. This is v ery imp ortan t from a practical p oin t of view,

since this is exactly what traders do. F unctions of the form u(x) = ( x+ )

are homoge-

nous and do not punish gains; they are one-sided. The parameter 
 is related to the

risk-a v ersion of the hedger: the higher 
 , the more a v erse is he to large losses. Ho w ev er,

an y other c hoice than u(x) = x2
giv es hedges that are not linear: The risk-minimizing

hedge of P1 + P2 is not the sum of the risk-minimizing hedges of P1 and P2 . This is

troubling from a practical p oin t of view, since it implies that a trader should tak e the

whole bank's assets in to accoun t when hedging the risks on his o wn b o ok.

2.3 Risk-measures used in the exp erimen ts

A v ariet y of risk-measures ha v e b een suggested; Artzner, Delbaen, Eb er & Heath (1999)

presen t an axiomatic approac h and a recen t w ork with descriptions, discussions and

suggestions is Chern y (2006). In our exp erimen ts w e fo cus on four that are commonly

used and/or ha v e tractable prop erties: the quadratic ( u(x) = x2
), the p ositiv e part

( u(x) = x+
), v alue-at-risk, and exp ected shortfall.

Quadratic hedging has b een extensiv ely studied, in dynamical settings, see Sc h w eizer

(2001) and the references therein, as w ell as in the con text of static hedging, see Dup on t

(2001). Minimizing E[(P � H � c)2] is clearly a natural thing to do, although from a
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�nancial p oin t of view it is strange to punish gains and losses symmetrically . Without

p ortfolio restrictions this is a standard least squares regression.

With u(x) = x+
w e ha v e a one-sided risk-measure � only losses are punished.

Minimizing exp ected loss with suc h a con v ex loss function is adv o cated in for instance

Föllmer & Sc hied (2002). The asso ciated optimization problem is clearly con v ex, and

can in fact b e reform ulated as a fully linear programming problem at the cost of including

extra v ariables.

The v alue-at-risk at lev el � of the loss P � H � c is the upp er � -quan tile of the loss

distribution,

V@R � = inf f z 2 R; P(P � H � c � z) � � g;

where t ypically � = 0.01 or 0.05. This risk-measure has some w ell-kno wn shortcomings,

2

but it is widely used. One reason for this is probably its rep eated suggestion in the

Basel capital directiv es. Another �pro� argumen t is that quan tiles are more robust than

momen ts. In a risk estimation con text Con t, Deguest & Scandolo (2007) ha v e recen tly

demonstrated that robustness and coherency are con�icting ob jectiv es. V@R do es not �t

directly in the E[u(�)] -form ulation, but w e can easily compute the discrete analogue from

the order statistics of the samples. The asso ciated optimization problem is non-con v ex.

Exp ected shortfall (also kno wn as tail-V@R or conditional V@R) is the mean of the

loss b ey ond v alue-at-risk:

ES � = E[P � H � cjP � H � c � V@R � ]:

As sho wn b y T asc he (2002), exp ected shortfall is a coheren t

3

risk measure in the sense of

Artzner et al. (1999). This approac h do es not immediately �t the E[u(�)] -form ulation.

Ho w ev er, Ro c k afeller & Ury asev (2000, Theorem 1) sho w that with some sleigh t-of-hand

(extra v ariables and constrain ts) minimization of exp ected shortfall can b e form ulated

as a linear programming problem.

3 Hedge P erformance in the Bates Mo del

In this section w e conduct exp erimen ts with the risk-minimizing static hedge tec hniques

and do cumen t their sup erior p erformance to what has previously b een suggested in the

2

V@R fails coherency on subadditivit y . It ma y b e the case that V@R (X + Y ) > V@R (X ) +

V@R (Y ) ; T asc he (2002) giv es an example in v olving P areto-distributions.

3

A small adjustmen t is needed is the de�nition ab o v e to main tain coherency for distributions with

p oin t mass at V@R � .
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literature.

As target option w e c ho ose a daily-monitored, zero-rebate up-and-out call-option;

that is it pa ys

P = ( ST � K )+ 1max t 2f dt; 2dt;:::;T g St <B ;

with dt = 1=252. This is a so-called rev erse barrier option; the corresp onding plain

v anilla call is in-the-money when the barrier option kno c ks out. This creates a discon-

tin uit y that mak es the hedging di�cult. W e set the initial sto c k price to S0 = 100, and

for the target option w e c ho ose expiry T = 1 , strik e K = 110 and barrier B = 130. F or

hedging w e use the time- T v alue of v anilla call options with expiry less than or equal to

T that ar e liquidate d if the b arrier is cr osse d ; this is the usual w a y to statically hedge

barrier options. T o b e precise, let � = min f �rst barrier crossing ; Tg = min f minf t 2

f dt; 2dt; : : : ; Tg; St � Bg; Tg. An y cash �o ws prior to T are held in the bank accoun t

with constan t in terest rate r = 0:02. If the k th v anilla call has strik e K (k)
and expiry

T (k) � T , then

Hk =

(
e(T � � )r � (time- � mark et price of k th call option) if � < T (k) ;

e(T � T ( k ) )r (ST ( k ) � K (k))+
otherwise :

F ollo wing Nalholm & P oulsen (2006) w e restrict ourselv es to hedge instrumen ts that are

most 35% out of the money ,

4

w e use v anilla calls with strik es 110; 130; 131; : : : ; 135.

As data-generating pro cess for our exp erimen ts w e use the mo del of Bates (1996)

whic h com bines sto c hastic v olatilit y and jumps. Under the real-w orld probabilit y mea-

sure P the dynamics are

dSt = �S tdt +
p

VtStdWS
t + JtdNt ;

dVt = � (� � Vt ) dt + �
p

VtdWV
t ;

dWS
t dWV

t = �dt;

dNt � P o (�dt );

ln (1 + Jt ) � N
�

log(1 + � ) �

 2

2
; 
 2

�
:

4

T o ha v e an y place in a static hedge, an instrumen t m ust ha v e a strik e that equals the strik e of

the barrier option or lies at or b ey ond the barrier, otherwise it will mak e a time- T con tribution in the

case where the barrier option is not kno c k ed out. If lo w er-strik e calls are included as p oten tial hedge

instrumen ts, their w eigh ts ar e put to � or v ery close to � zero through the optimization.
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This is an incomplete mo del, so there is a m ultitude of equiv alen t martingale measures.

W e assume the (pricing) martingale measure Q preserv es the parametric structure of

the mo del. As v alues for the P- and Q-parameters w e use those rep orted in the com-

prehensiv e study in Erak er (2004); they are repro duced in the left columns of T able 1

(the parameters without sup erscripts are the same under P and Q). The v alues of the

risk-adjusted parameters in T able 1 re�ect the st ylized facts that (i) there is a p osi-

tiv e equit y risk-premium ( � P > � Q
), (ii) implied at-the-money v olatilit y is higher than

t ypical historical v olatilit y ( � Q > � P
), and (iii) there is a �fear of (do wn w ard) jumps�

( � Q < � P < 0). Note ho w the real-w orld and the risk-adjusted parameters are in ter-

t wined in the determination of the static hedge p ortfolio: P aths of the state v ariables,

S and V , are sim ulated with P-parameters and the Q-parameters en ter when the hedge

instrumen ts are v alued (remem b er, the hedging p ortfolio is liquidated if the barrier is

crossed).

The c haracteristic function of the log-returns in the Bates mo del is kno wn in closed

form (see Bates (1996)), so prices of plain v anilla options can b e computed e�cien tly

with F ourier in v ersion tec hniques.

5

W e will use the notation P(0) = e� rT E Q[P] and H (0) = e� rT E Q[H ], i.e. P(0) and

H (0) are time-0 v alues of the barrier option and the hedge instrumen ts.

In the exp erimen ts w e rep ort in the follo wing w e only use hedge instrumen ts with

expiry T . Doing this is justi�ed b y the result from the follo wing small exp erimen t

6

(see T able 2): Using v anilla calls with expiries T=4; : : : ; T and the budget restriction

H (0) � c � P(0) , w e calculate the risk-minimizing hedges corresp onding to the three

one-sided

7

risk-measures from section 2.3 � E[(�)+ ], V@R � and ES � , with � = 0:05.

F or eac h risk-measure, w e then rep eatedly compute the risk-minimizing hedge using only

the expiry- T calls, while gradually relaxing the budget restriction un til the p erformance

of the only-expiry- T -hedge equals the p erformance of the hedge that includes earlier

expiries. The di�erence in price b et w een these t w o hedges can b e seen as the cost of

5

The link b et w een F ourier in v ersion and option pricing is in v estigated in Carr & Madan (1999); a

text-b o ok presen tation is giv en in Con t & T ank o v (2003, Chapter 11). W e do not kno w in adv ance

whic h (time to maturit y , sp ot)-com binations w e need to price (this is determined b y when and ho w the

barrier is crossed), so w e use brute-force quadrature in tegration.

6

Both Nalholm & P oulsen (2006) and Giese & Maruhn (2007) also �nd the expiry- T comp onen t to

b e the most imp ortan t one; in the later comparison w e also restrict their hedges in that w a y .

7

W e cannot do this for the quadratic risk-measure, since the p erformance of this hedge do es not

increase when w e relax the budget restriction.
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Statistical

V alue

Design

Set to

parameter parameter

� P
4.788 S0 100

� Q
2.772 V0 � P

� P 0:2052 r 0.02

� Q 0:2692 K 110

� 0.512 B 130

� -0.586 T 1

� P
-0.004 K (1)

, : : : , K (7)
110, 130, 131, : : :, 135

� Q
-0.020 T (1)

, : : : , T (7) T


 0.066 N 10,000

� 0.504

� P
0.066

� Q r � �� Q

T able 1: Default setting for sim ulation exp erimen ts. The t w o columns to the left giv e

parameters for the Bates mo del; b oth real-w orld ( P) and risk-adjusted ( Q). These ha v e

b een tak en from Erak er (2004) and con v erted to non-p ercen tage and ann ualized terms.

Risk-measure E[(�)+ ] V@R 0:05 ES 0:05

Cost of excluding

early maturities

2% 1% 2%

T able 2: Cost of excluding prior-to- T expiries in the risk-minimizing hedge p ortfolios,

relativ e to the time-0 price of the barrier option.

excluding earlier expiries in the hedge p ortfolio. The costs for all three risk-measures

are rep orted in T able 2 , and as w e see they are small: less than 2% of the time-0 price

of the barrier option.

W e in v estigate the qualit y of the risk-minimizing hedges for the four risk-measures

from Section 2.3 � the quadratic, the p ositiv e part, V@R � and ES � , with � = 0:05. The

risk-minimizing hedge strategies are compared to t w o recen t suggestions in the literature.

1. Nalholm & P oulsen (2006) com bine Carr's �adjusted pa y o� � idea with p oin t wise

matc hing, regularization b y singular v alue decomp osition and structural kno wledge

of the Bates mo del.

2. Giese & Maruhn (2007) use sup er-replication, whic h in our notation amoun ts to
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Figure 1: P a y o�s for the static hedge p ortfolios. T op: risk-minimizing hedges corre-

sp onding to u(x) = x2
(dotted), u(x) = x+

(solid) and V@R 0:05 (dashed). Bottom: the

ES 0:05 -minimizing hedge (dotted) and the hedges from Nalholm & P oulsen (solid) and

Giese & Maruhn (dashed).

solving

min H (0) � c s.t. H (n) � c � P (n)
for all n:

Note that for b oth these hedges, the hedger do es not � con trary to the suggested

risk-minimizing hedges � directly con trol the cost of the p ortfolio.

Ha ving computed the strategy from Nalholm & P oulsen (2006) w e see that the hedge

w eigh ts are b ounded b y 9:9, so to mak e the comparison fair w e use this as a constrain t

on the magnitude of the w eigh ts in the risk-minimizing hedges and the hedge from Giese

& Maruhn (2007).

W e compute the risk-minimizing hedges using 10; 000 sim ulated paths whic h in our

exp erience giv es v ery reliable results. That tak es ab out four min utes on a laptop. Almost

all that time is sp en t on v aluation of the hedge instrumen ts; the path generation tak es

ab out ten seconds, while the actual optimization is almost instan t.

Because the hedge p ortfolios only con tain con tracts of a single expiry , T , they can

con v enien tly b e represen ted b y their pa y o� functions. This is done Figure 1 . W e see ho w

the sup er-replicating p ortfolio of Giese & Maruhn (2007) tries to mimic the truncated

call-pa y o� (x � K )+ 1x<B , whic h m ust b e the c heap est truly sup er-replication p ortfolio
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Hedge error statistics

Hedge tec hnique

price m sd E [(�)+ ] V@R 0:05 ES 0:05 P( loss > 0) max( loss )

Risk-minimization

E [(�)2 ] 99.6% 4.3% 66% 13% 66% 99% 0.34 830 %

E [(�)+ ] 100% -1.8% 73% 7.5% 49% 90% 0.14 800 %

V@R 0:05 100% 0.4% 69% 9.0% 34% 76% 0.38 800 %

ES 0:05 100% -0.3% 69% 9.5% 38% 72% 0.37 770 %

P a y o� matc hing as

Nalholm & P oulsen

119% -14% 90% 4.3% 25% 76% 0.09 870%

Sup er-replication as

Giese & Maruhn

164% -70% 157% 0.00% 0.00% 0.01% 0.00 100%

T able 3: Hedge error b eha vior in the Bates mo del for an expiry-1, strik e-110, barrier-130

up-and-out call-option, for whic h P(0) = e� rT E Q[P] = 1:33. All n um b ers are giv en as

p ercen tages of P(0) .

in the case of un b ounded jumps, see also Kraft (2007). But other than that, di�erences

are hard to mak e out with the nak ed ey e. Therefore T able 3 rep orts descriptiv e statistics

for all the hedge strategies.

8

In the table

� �price� is the initial price of the (estimated) optimal static hedge, H (0) � c,

� �m� is the a v erage loss, E P[P � H � c],

� �sd� is the standard deviation of the loss,

p
V ar [P � H � c]=P(0) ,

� � P( loss > 0)� is the probabilit y that the hedge loses money , P(f P � H � c > 0g) ,

� � max(loss ) � is the largest observ ed loss, maxf P (n) � H (n) � cg.

The �rst thing to note from T able 3 is that pa y-o� discon tin uit y mak es the up-and-

out call di�cult to hedge; for the risk-minimizing strategies the standard deviation of

the loss is around 70% of the time-0 v alue of the barrier option. F or comparison: Daily

delta-hedging of the up-and-out call giv es a standard deviation of ab out 150%, while the

standard deviation of the loss is around 5% of the option v alue for delta-hedging of a

plain v anilla call. Second, there are visible � though not v ast � di�erences b et w een the

p erformance of optimal strategies dep ending on the t yp e of risk-measure. Or brie�y put:

W e can tell what is b eing minimized. These di�erences are more pronounced for v alue-at-

risk and exp ected shortfall, that put more fo cus on the tail of the loss distribution. The

table also giv es p erformance statistics for the hedges suggested b y Nalholm & P oulsen

8

The sample a v erage metho d has an inheren t in-sample bias (p ositiv e, p erformance-wise), so to

ev aluate hedges out-of-sample, w e sim ulated 10; 000 new paths and used the prop osed optimal strategies.
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and Giese & Maruhn. A direct and fair comparison based on the table is not p ossible

b ecause of the di�erences in initial prices.

Ho w ev er, as suggested in Krokhmal, P almquist & Ury asev (2002), that can b e reme-

died b y v arying the budget restriction and eac h time calculating the corresp onding risk-

minimizing hedges. In this w a y w e get an e�cien t fron tier in cost/risk-space; in fact w e

get one for eac h risk-measure. These are sho wn in Figure 2. The four panels corresp ond

to di�eren t risk measures, and eac h panel has four curv es corresp onding to the four

(optimal) strategies. First, this �gure illustrates what w e mean when w e sa y that E[(�)2]

is a �nancially strange risk-measure to use. It do es not capture the cost/risk trade-o�;

y ou cannot reduce risk b y increasing the budget. That is p ossible when a one-sided

risk-measure is used. W e see that optimal strategies w.r.t. the three one-sided measures

b eha v e fairly similarly , esp ecially for high budgets. F or a bank selling exotic options,

this the realistic case; if the option cannot b e sold at some mark-up, then it is not sold at

all. The e�cien t fron tiers enable us to compare the risk-minimizing strategies to the t w o

previous suggestions, and w e see the impro v emen ts. The Nalholm & P oulsen strategy

clearly do es not lie on the e�cien t fron tier for an y risk-measure; similar p erformance

can b e ac hiev ed at appro ximately 10�20% lo w er cost (the t ypical horizon tal distance to

fron tier). F or the one-sided risk-measures the Giese & Maruhn hedge is v ery close to the

e�cien t fron tier, but at its extreme righ t. W e �nd it quite lik ely that a trader or a bank

w ould lik e to ha v e the p ossibilit y to tak e a little more risk in return for a signi�can tly

lo w ered cost.

4 Mo del risk

In this section w e in v estigate ho w robust risk-minimizing hedges are with resp ect to

�mo del risk.� W e ask (i) what happ ens if the hedger ignores the di�erence b et w een the

measures P and Q, and (ii) ho w do es the Bates-optimal hedge p erform in an in�nite

activit y Levy-mo del, and vice v ersa?

4.1 P vs. Q

The computation of the risk-minimizing hedge dep ends on b oth real-w orld and risk-

adjusted parameters. But what happ ens if w e ignore this di�erence? In our exp erimen t

w e consider t w o not-to o-h yp othetical hedgers: The Quan t and The Econometrician.
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The Quan t The Econometrician

Risk-

conjectured actual conjectured actual true

measure

risk risk risk risk risk

p
E[(�)2] 69% 66% 118% 110% 66%

E[(�)+ ] 8.2% 8.0% 5.9% 8.2% 7.6%

V@R 0:05 35% 36% 34% 48% 34%

ES 0:05 80% 72% 68% 73% 72%

T able 4: Conjectured and actual p erformances of risk-minimizing hedge strategies for

the t w o sligh tly ignoran t hedgers, relativ e to the time-0 price P(0) = 1 :33 of the barrier

option.

- The Quan t has obtained a correct view of the Q-parameters from T able 1 b y

calibrating the Bates mo del to mark et prices of v anilla options, and tak es as V(0)

the squared implied v olatilit y of a one-mon th at-the-money call-option. Then he

tak es P = Q.

- The Econometrician has estimated the P-parameters from T able 1 correctly ,

sa y from a long time series of frequen t sto c k price observ ations. He then tak es all

Q-parameters equal to the P-parameters, but c hanges the drift to � Q = r � �� P
in

order to mak e Q a martingale measure.

Both hedgers come in four di�eren t v ersions corresp onding to the di�eren t risk-measures.

All hedgers run sim ulations and determine their risk-minimizing hedges with the budget

restriction H (0) � c � P(0) . They run additional sim ulations (again using their o wn

views of the t w o measures) to get out-of-sample estimates of the p erformance of their

optimal hedges; this w e call the �conjectured risk�. Then w e estimate the �actual risk�

of the strategies b y running sim ulations as in Section 3 with the full P- Q parameter

com bination. The results are rep orted in T able 4 ; the �true risk� in the last column

is the p erformance of the b enc hmark p ortfolios from T able 3 ev aluated on this table's

out-of-sample paths.

W e see that irresp ectiv e of the c hoice of risk measure the Quan t's p ortfolio su�ers v ery

little compared to the truly optimal one; at most risk increases b y a factor of 1.05. The

Econometrician's p erformance deteriorates somewhat more. That is understandable;

when options are used as hedge instrumen ts, it is imp ortan t to tak e their pricing in to

accoun t � this is done when the Q-parameters are calibrated to the mark et. What is

13



more surprising is that the di�erence b et w een actual and true risk for the Econometrician

v aries a lot across risk measures. Last, w e note that there is no general pattern in

the relation b et w een �conjectured risk� and �true risk�; neither hedger is systematically

optimistic or p essimistic. This can b e further con�rmed b y running similar exp erimen ts

on do wn-and-out puts.

4.2 Bates vs. NIG

As p oin ted out b y sev eral authors, see for instance Detlefsen & Härdle (2007) and their

references, mo dels ma y pro duce similar prices of plain v anilla options and y et giv e v ery

di�eren t prices for e.g. barrier options. W e consider the Normal In v erse Gaussian (NIG)

mo del whic h is a pure jump, in�nite activit y Levy pro cess,

9

and test the robustness of

the risk-minimizing hedge b y in v estigating ho w w ell the Bates-optimal hedge p erforms

in the NIG mo del and vice v ersa.

In the NIG mo del, the sto c k price is giv en b y St = S0eX t
where (X t )t � 0 is a so-called

NIG pro cess. This means that the Levy-Khinc hine represen tation of the c haracteristic

function of X t is E[eisX t ] = et (is )
, where

 (z) = mz + d(
p

a2 � b2 �
p

a2 � (b+ z)2):

With m = r � d(
p

a2 � b2 �
p

a2 � (b+ 1) 2) the discoun ted sto c k price is a martingale,

so the mo del has three (risk-adjusted) parameters. It is p ossible to sim ulate X t e�-

cien tly and without bias on a grid (see Glasserman (2004, Section 3.5)) and since the

c haracteristic function is a v ailable in closed form, v anilla option prices can b e computed

with F ourier in v ersion tec hniques.

W e calibrate the NIG mo del to the Bates mo del's prices for the hedge instrumen ts

across expiries.

10

The resulting parameters are (a; b; d) = (15 :0; � 8:9; 0:5) and from

Figure 3 w e see that there is a quite go o d �t o v er the 3-mon th to 1-y ear sp ectrum of

expiries. Note that the NIG mo del ac hiev es this �t with only three parameters; the Bates

mo del has sev en. T o a v oid the di�erence b et w een the t w o mo dels under the real-w orld

measure w e set P = Q in what follo ws.

As b efore, w e w an t to hedge an up-and-out call option with expiry T = 1 , strik e

K = 110 and barrier B = 130. The hedging instrumen ts are expiry- T v anilla calls with

9

Financial mo delling with NIG pro cesses w as �rst suggested in Barndor�-Nielsen (1998). A recen t

surv ey/in v estigation of in�nite activit y Levy mo dels is Carr, Geman, Madan & Y or (2007)

10

Only expiry- T options are used for the initial hedge p ortfolio comp osition, but a p o or �t of the

NIG mo del at shorter expiries will cause problems at liquidation.
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Risk-measure

Data-generating

p
E[(�)2] E [(�)+ ] V@R 0:05 ES 0:05

mo del

Hedge mo del Hedge mo del Hedge mo del Hedge mo del

Bates NIG Bates NIG Bates NIG Bates NIG

Bates 54% 59% 7.3% 9.4% 33% 38% 67% 86%

NIG 72% 64% 6.4% 6.2% 21% 13% 120% 100%

T able 5: Risk-measures for Bates- and NIG-optimal hedge errors relativ e to the time-0

price of the maturit y- 1 , strik e-110, barrier-130 up-and-out call-option.

strik es 110; 130; 131; : : : ; 135. F or eac h risk-measure w e compute the risk-minimizing

hedges in b oth the Bates and the NIG mo del with the budget restriction H (0) � c �

PBates (0) = 1 :33. W e ev aluate the qualit y of all the di�eren t hedges out-of-sample in

the Bates mo del, and rep ort the corresp onding risk-measures relativ e to PBates (0) in

the �rst ro w of T able 5. Next, w e compute the Bates- and NIG-optimal hedges for all

risk-measures, but this time with the budget restriction H (0) � c � PNIG (0) = 1 :43 (the

true barrier v alue in the NIG mo del). W e ev aluate the qualit y of the hedges in the

NIG-mo del and rep ort the risk-measures relativ e to PNIG (0) in the second ro w of T able

5.

The �rst thing w e see from T able 5 is that the n um b ers in the t w o ro ws are of the

same order of magnitude, whic h means static hedging is also feasible in the NIG mo del.

Reassuringly , there is a detectable � but again, not tremendous � b ene�t from using

the righ t mo del to calculate the risk minimizing strategies. Using the wrong mo del's

risk-minimizing strategy increases risk b y a factor of 1.05 to 1.7, with the tail-fo cusing

measures v alue-at-risk and exp ected shortfall displa ying greater sensitivit y . If ones do es

not kno w the true data-generating pro cess, Con t (2006) suggests to the hedge mo del

that minimizes the w orst-case error. But in that resp ect the table giv es no clear advice;

di�eren t mo dels giv e the highest w orst-case error for di�eren t risk-measures.

5 Conclusion

W e ha v e describ ed a new risk-minimizing framew ork for static hedging of exotic con-

tingen t claims. A main strength of the metho d is that it is easy to explain, y et quite

general: W e can build hedges for an y con tingen t claim in an y mo del, as long as w e can
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sim ulate tra jectories of the underlying and pa y o�s of the hedge instrumen ts. Another

feature of the risk-minimizing hedge is the p ossibilit y for the hedger to c ho ose his risk

measure; w e studied v arious p opular c hoices.

The p erformance of the metho d w as ev aluated for a discretely observ ed up-and-

out call option on an underlying follo wing the Bates mo del (sto c hastic v olatilit y and

jumps), and w e found that it compared fa v orably to metho ds previously suggested in

the literature.

Moreo v er, the metho d also w orks in the NIG mo del: this is a con tribution in itself

since previous metho ds could not handle in�nite activit y Levy mo dels. F rom sim ulation

exp erimen ts w e also concluded that the risk-minimizing hedges are reasonably robust

to mo del risk: Bates-optimal hedges w ork in the NIG mo del, and vice v ersa, if the t w o

mo dels price v anilla options similarly .

The analysis, esp ecially the mo del risk cases in Section 4 , also illustrates that there is

no �univ ersally optimal� risk-minimizing hedge; optimalit y and b eha viour dep ends what

risk-measure y ou use. And on ho w m uc h y ou are willing to pa y to reduce risk. This

mak es it all the more imp ortan t to use a metho d that can handle the cost/risk-tradeo�.

Besides the �ob vious� suggestion for future researc h: �test empirically�, let us men tion

three in triguing asp ects that w e are curren tly w orking on. First: Prop ortional frictions

(transaction costs and bid/ask-spreads) are straigh tforw ard to handle optimization-wise;

treat buying and selling separately and linearit y and con v exit y is retained. Ho w do es

this a�ect the construction and p erformance of static hedges; do es it �lev el the pa ying

�eld� compared to dynamic hedging with the underlying? Second: Ho w large is the

e�ect of non-linearit y of the hedges? Could it b e that hedging con tracts one b y one

with some u(x) 6= x2
(and th us sub-optimally) is preferable to hedging (optimally) with

u(x) = x2
? Third: Can w e � as suggested b y Con t (2006) � set up p ortfolios that are

designed to b e robust to mo del and parameter uncertain t y? Or more sp eci�cally , can w e

minimize the w orst-case error across p ossible, non-nested mo dels and plausible ranges

of parameter-v alues?
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Figure 2: The e�cien t fron tiers for the risk-minimizing hedges in di�eren t cost/risk-

spaces. The risk-measures corresp onding to the curv es are: the quadratic (dotted lines),

the p ositiv e part (solid lines), V@R 0:05 (dashed lines) and ES 0:05 (dash-dotted lines).

The � 's sho w the p erformance of the Nalholm & P oulsen p ortfolio and the � 's sho w the

Giese & Maruhn p ortfolio.
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Figure 3: Blac k-Sc holes implied v olatilities for call-options across expiries and strik es for

the Bates ( � ) and NIG ( + ) mo dels. The p oin ts in the graphs corresp ond to the options

used in the risk-minimizing static hedges.
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