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Stochastic Spot Volatility Models (in the risk neutral world)

The asset (S,),., and the spot volatility (o,),.,follows the stochastic
process

.
dS, = (r—q)S,dt+o(S,,1)S,dW’
) > (SSV)
do® =a(S, 0%, 0)di+) /S, 0" ,))dW,
=0
J

with a(:,): SRZ)C[O,T]—) R and (91(,) : ERZx[O,T]—> ‘R being
measurable functions satisfying certain growth and Lipschitz
conditions
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Stochastic Implied Volatility Model (in the risk neutral world)

There exists a finite collection of A7 European call options with strike
prices K, and maturities T .

Then the asset (S,)., and the implied volatility (Z,),., € R" follows the
stochastic process
dS, = (r—q)S,dt+o(S,,0)S,dw’

-
dlm(St’ t1 m’Tm):um(St’ t’t)dt+7/m(St’ t’t)dW +ZV k(St’ t’t)de (SIV)

/

with «(): %M”x[O,T]—) ERM, v(): %Mﬂx[O,T]—) %M’ v(,): %Mﬂx[O,T]—) RN

and o(,):% x[0,7] >R satisfying certain growth and Lipschitz
conditions
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Notation

Price of a European call option
with strike K, maturity 7 and c=c(t,8,K,T;c)
stochastic spot volatility o, t t

Price of a European call option
with strike K, , maturity 7, and C» = CBS(t,St,Km,Tm;It’")
stochastic implied volatility 7"

Assuming the spot volatility model
meets the market prices, we can C(,S,K, . T,;0)= CBS(t,St,Km,Tm;I”’)
write for every set (K ,T,)

m<M

Gabriele Guhring
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Drift restriction for (SIV)

Theorem (Schénbucher 1999): Assuming the market to be arbitrage
free, then for every m=1,....,M, the risk-neutral drift coefficients

u, (1) : R 5 R of the implied volatility of European call options with
strike K,, and maturity 7,, attime ¢ € 0,7) are given by

T —t

m

. . 1 Y d
Iu, = 2(T —t)(( ‘ )2 _Gtz)_gdld{;"ik "'7/,121)"' =07,

In[ 5 j+(r—q+1<ltm)2(Tm —t)j
d, = K, 2 and dzzdl_]zm\/Tm_t
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Drift restriction for (SIV)

Proof of Theorem (Schonbucher 1999): Under the assumption of
absence of arbitrage, the option price process (CBS (t,St,Tm,Km;IZ“))t20
has the drift »C*(¢,S,,T,,K,;I").

m1=t

Using Itd’s Lemma and the process (SIV), the drift component of JC**
IS given by the formula

BS BS 2 ~BS BS
oc dt+(r—q) oc dt+£at2St2 g C2 dt+u, oc
Ot oS 2 oS ol

N 2 1 BS 2 1 BS 2 1 BS
+£(Zvikja—czdt+iyfq oc ~dt+y,0,8 oC dt
2\'3 @( m) 2 8(]'") 0

The result is proved by calculating the derivatives of C*.

rC%dt = dt
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7

Special cases of drift restriction for (SIV)

= Constant implied volatility i.e. 7,, =u,, =v,, =0

= I"(X,.T,)=oc foreverym=12,.. .Mandtelt,T,)

» Time-dependent but non-stochastic implied volatility i.e. y, =v,, =0

= u, = o7 it)[t’" ((I;")Z —af) forevery m=1,2,...M andt ez, T, )
and (SIV) reduces to dl;’ = L ((]m)2 —02)

dt 2T, -)I" " f
which is solved by (It’" )2 =ﬁfm o, ds.
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Spot volatility in the context of (SIV)

= Brace et al 2001: The spot volatility of the underlying asset must
equal the implied volatility of an at-the-money option maturing
iImmediately.

lim 17(S,,5,,T,) = o(S,,) =, .

= Schdénbucher 1999: Assume the implied volatility together with its
volatility parameters 7., V.« and the drift of the implied volatility ,, to
be given. Then the spot volatility has to be chosen such that

N
o, =y,d,\T, —t +\/<]tm)2 —2(Tm —t)[t’"um +d2(Tm —t){}/;dz —dl(Zvik +7/31D
k=1
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Spot Volatility Models in the context of (SIV)

Theorem: If the asset (S,)..oand the spot volatility (7). satisfy under
the risk-neutral probability the stochastic differential equation (SSV),
then the implied volatility /,” satisfies the drift restriction with N =n

where
oC oc™ oC
oS 0S 0
7/m(St’]t’t): oC * o8, +2 agBS
ol™ ol
and
ac
0
mG(St’]tlt)zz aCGBS ek(St’ )
ol
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Spot Volatility Models in the context of (SIV)

Proof of Theorem: In order to extract a stochastic differential
equation for the implied volatility we set for every (X,,.T,,) _,,

BS

o, S.dw’

(t,S,.K,,T,;0,)=C*t,S,,K,,T,;1")
which has a unique solution I" =1"(S,,K ., T, ;o) defining the implied
volatility.
Since dC =dc?
= BS
C =€ o sam+ 2 [ 0(s, 0w |+ rca— €
o™ oS aia ) Py oS
BS BS 2 BS 2 ~BS
- o +8C (F_Q)Sz_i_ia C2 GtzStz dt_ié < 2
ot oS 2 aS 2 @(Im)
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Spot Volatility Models in the context of (SIV)

Proof of Theorem: Applying Ité‘'s Lemmato I/ :Itm(St,Km,Tm;Gt) yields
dl" = o dt+al’ (r—q)Stdt+a]t .S dW’ + a]tz OC(St,O'Z,l‘)dl‘
Ot oS oS 6(0 ) f

+%}(g@j(St,Gt2,t)dmij+%8;S]; GtZStzdt-l—%@a(;[;;Z (g@z(&’aﬂf)jdf

0’1"

+W)90(St’at2’t)0t‘gtdt

from which we obtain

" 2 m 2 "
s ] gt

arr or"

a(1".s,) = S olS! +a—2)90(5t,0t2,t)6
O
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Spot volatility models in the context of (SIV)

Proof of Theorem: Furthermore, we know by the implicit function
theorem that

oC oC™ oC

o' | as oS O _o oo
os | ac”® and - 3l7) " ac ™
or" or

This, in turn with calculating all the derivatives of C* yields the desired
result.
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Special case of (SSV) — Hull and White model (risk neutral world)

The asset (S,),., and the spot volatility (o,),.,follows the stochastic

process
N

dS, = (r—q)S,dt+oc,S,dw’
Hull/White
model

’

thZ = a(atz , t)dt + él(af , t)thl

with a():Rx[0,7] >R and 4 (,):Rx[0,T]— R being
measurable functions satisfying certain growth and Lipschitz
conditions
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Symmetry of smile in context of (SSV)

Theorem: In the Hull White model, the smile is a symmetric function of

Proof of Theorem: The solution to the Hull/White model is given by

the formula »
C(t S K,T;O't): Ste_"(T_t)Jg(x,u)p(u;at)du

1 Mgy
0

g(x,u):N[_T;ﬂtéx/;j—exN(_Tz—%\/;}

For the proof we use the fact that this function has the property

where

g(—x,U)z e "g(x,U)+1-e".
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Symmetry of smile in context of (SSV)
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Symmetry of smile in context of (SIV)

K
Theorem: Set xmzlnL =) j
S.e

)T, 1)
Assume
e u = 0, Y, = 0,
N
H Zv . |s independent of 7 and a symmetric function in
k=1

X = ('xm )OSmSM !

Then the dependence of the implied volatility on x is symmetric.

Proof of Theorem: Under the assumptions the drift restriction can be
rewritten as

( m) { 2%" k} ( )Za + ;xz 3 vz, =0, wWhich can be solved

k=1 k=1

N

according to (1’") :

t
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Symmetry of smile in context of (SIV)
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