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Power-Reverse Duals

A Power-Reverse Dual (Derivative) is an exotic swap with

a funding leg

a structured leg with exotic coupon payments ci at times ti

ci =

�
C (ti )

s
kf � kd

�gc
gf

where

C (ti ) is an FX-rate at time ti , usually JPY/USD or JPY/AUD
quantities kf , kd (usually called foreign/domestic coupon)
a scaling factor s, e.g. the FX forward
a cap gc and a 
oor gf , usually gc =1, gf = 0

All parameters may vary from coupon to coupon

In the standard case (gc =1, gf = 0) ci is an FX option:

ci = N (C (ti )� K )+ with N =
kf

s
;K =

skd

kf



Power-Reverse Duals

Therefore, a power-reverse dual is a portfolio of FX options.

However, maturity is usually 20-30 years.

We cannot use the Black-Scholes formula ignoring the interest
rate risk.

Note that

Vega = C (0)
p
Te�rf Tn(d1) �

p
T

whereas
Rho = KTe�rdTN (d2) � T

For long-dated options the Rho dominates the Vega !



Power-Reverse Duals

Moreover:

The whole structure usually contains some optionality.

The structure may have a Bermudan style call feature, i.e. the
issuer may call the structure at any payment date ti ,

or have a trigger feature, i.e. the structure cancels out at the
�rst date ti with C (ti ) > trigger for a trigger level trigger ,

or have a TARN feature, i.e. the structure cancels out at the
�rst date ti where the sum of all preceeding coupon payments

iX
j=1

cj > TarnTrigger

exceeds a given level TarnTrigger .



Equity-Rates Hybrid I

An Equity-CMS Chameleon with start date t1 and end date t2
depends on a trigger condition

S(t)

S(t1)
� 75%; t 2 [t1; t2]

where S(t) is an equity or equity index at time t.

If the trigger condition is always satis�ed, payout at t2 is

100% +max

�
1:15 �

�
S(t2)

S(t1)
� 1

�
; 5 � CMS5y (t�x)

�
If the trigger condition is violated at some time, payout at t2 is

S(t2)

S(t1)

Here, CMS5y (t�x) is the 5y swap rate �xed at time t�x .



Equity-Rates Hybrid II

An Equity-Linked Range Accrual TARN is an exotic swap with

a funding leg

a structured leg with exotic coupon payments ci at times ti

ci =

�
�

�
S(ti )

S(t0)
� 1:0

��cap

oor

ni

Ni

Here
� is some scaling factor
the equity performance is capped and 
oored by cap and 
oor

Ni is the number of days t 2 [ti�1; ti ]
ni is the number of days t 2 [ti�1; ti ] with bd � L(t) � bu
where L(t) is the Libor and bd ; bu are numbers.

The whole structure has a TARN feature, i.e. it cancels out if

the cumulated coupon
iX

j=1

cj reaches a certain level.
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Requirements for a Hybrid Model

For the valuation of hybrid products we need a model with

volatility smile of asset processes like FX or equity

stochasticity of the interest rates dynamics

interest rates smiles

appropriate cross-asset correlations

and

e�cient calibration, i.e. (quasi-)analytic pricing formulas or
approximations for plain vanilla options.

In the sequel we will restrict to a simple correlation structure !



Hybrid Building Block System

Requirements for hybrid products may change rapidly.

Therefore we need a very 
exible system of hybrid models that
describe all rates and assets with smile.

Basic idea: Use a building block system consisting of several
components that can be plugged together in a 
exible way.

The basic building block is the domestic rates process.

All other components can be plugged around this process.

Note that commodity, stochastic dividends, or in
ation can be
treated in the same way as a cross-currency model.



Hybrid Building Block System

Domestic

Rates

Equity 1

Equity 2

FX
Foreign

Rates

Equity 3



Hybrid Building Blocks: Domestic Process

The centre is formed by the domestic interest rate dynamics
for zero bonds Z (�;T ) with maturity T

dZ (t;T )

Z (t;T )
= r(t)dt +�(t;T )dW

with the short-rate

r(t) = �@ logZ (t;T )

@T

�����
T=t

This process speci�es the numeraire for applying the
martingale pricing framework, i.e. the money market account

B(t) = exp

�Z t

0
r(s)ds

�
� denotes a (possibly stochastic) volatility process.



Hybrid Building Blocks: Foreign and Asset Processes

FX processes and foreign interest rate processes can be
modelled (free of arbitrage) by

d eZ (t;T )eZ (t;T )
= er(t)dt � dfWdWC

dt
�C (t)e�(t;T )dt + e�(t;T )dfW

dC (t)

C (t)
= (r(t)� er(t)) dt +�C (t)dWC

Domestic/foreign equity processes can be described by

dS(t)

S(t)
= r(t)dt +�s(t)dWS

deS(t)eS(t) = er(t)dt � dWCdfWS

dt
�C (t)e�s(t)dt + e�s(t)dfWS



Calibration of Rates Processes

For calibration one can switch to an appropriate measure.

In particular, domestic or foreign interest rates can be
calibrated stand-alone in their own risk-neutral measures using
standard techniques.

We can choose any interest rates model that we can handle
stand-alone like a Hull-White model or a (multi-factor)
Cheyette model, cf. [JA06b].



Towards the Calibration of Asset Processes

For the calibration of asset processes like equity or FX the
problem reduces (after an appropriate change of measure) to
�nding e�cient pricing formulas for

Call(T ;K ) = E

�
1

B(T )
(X (T )� K )+

�
with

dX (t)

X (t)
= (r(t)� er(t)) dt +�X (t)dWX

Switch from spot quantities to the T forward

X (t;T ) =
X (t)eZ (t;T )

Z (t;T )



Towards the Calibration of Asset Processes

Switching to the T forward measure shows

Call(T ;K ) = d(T )E
�
(X (T ;T )� K )+

�
with the discount factor d(T ).

In the T -forward measure X (t;T ) is a martingale and its
dynamics is given by

dX (t;T )

X (t;T )
= �X (t)dWX + e�(t;T )dfW � �(t;T )dW

But how can we get plain vanilla option prices ?
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Gaussian Projection

For pricing of plain vanilla asset options the interest rate smile
should not matter too much.

Therefore we can hope that using Gaussian projections
�(t;T ) and e�(t;T ) with deterministic volatility functions
might be a good approximation

dX (t;T )

X (t;T )
� �X (t)dWX + e�(t;T )dfW � �(t;T )dW

for the sake of pricing plain vanilla options.



Lognormal Hybrid Asset Dynamics

Consider �rst the lognormal asset dynamics

dX (t)

X (t)
= (r(t)� er(t)) dt + 
(t)dWX

with a deterministic 
(t) .

Then

dX (t;T )

X (t;T )
= 
(t)dWX+e�(t;T )dfW��(t;T )dW = 
(t;T )dZ

with a deterministic 
(t;T )

and we can calculate Call(T ;K ) with Black's formula applied
to the volatility

� =

s
1

T

Z T

0

(t;T )2dt



Stochastic Volatility Hybrid Asset Dynamics

We use a stochastic volatility function proposed by Andreasen
(cf. [JA06a])

dX (t)

X (t)
= (r(t)� er(t)) dt + a(t)dW + ea(t)dfW

+
p
z(t)b(t)

�q
1� �(t)2dW

(X )
1 + �(t)dW

(X )
2

�
dz(t) = � (�� z(t)) dt + �(t)

p
z(t)dW

(X )
2

with

dW
(X )
1 dW

(X )
2 = 0; dW

(X )
j dW = 0; dW

(X )
j dfW = 0

Note that the asset Heston process is uncorrelated with the
rates processes but correlated with the asset process.



Stochastic Volatility Hybrid Asset Dynamics

Then, due to independence of the asset Heston process with
the rates processes we have

dX (t;T )

X (t;T )
= a(t;T )dZ1 +

p
z(t)b(t;T )dZ2

with independent Brownian motions and deterministic
functions a(t;T ) and b(t;T )

and

X (T ;T ) = X (0;T ) exp

 
�
1

2

Z T

0

a(t;T )2dt +

Z T

0

a(t;T )dZ1

!

� exp

 
�
1

2

Z T

0

z(t)b(t;T )2dt +

Z T

0

p
z(t)b(t;T )dZ2

!



Stochastic Volatility Hybrid Asset Dynamics

For the log-characteristic function this implies

�(�) = E [exp (i� log(X (T ;T )))]

= E

�
exp

�
i� log(X (0;T ))�

i�

2

Z
T

0

a(t;T )2dt + i�

Z
T

0

a(t;T )dZ1

��

�E

�
exp

�
�

i�

2

Z
T

0

z(t)b(t;T )2dt + i�

Z
T

0

p
z(t)b(t;T )dZ2

��

= �BS (�)�Heston(�)

where

�BS(�) is the characteristic function of the Black-Scholes
model
�Heston(�) is the characteristic function of the Heston model

Both factors can be calculated by standard methods

and so we can calculate �(�).



Stochastic Volatility Hybrid Asset Dynamics

But having calculated the characteristic function we obtain
plain vanilla option prices by the standard-formula

Call(T ;K ) = d(T )X (0;T )�
d(T )

�

Z
1

0

Re

"
e(�i!+

1

2 ) log(K)�
�
! � i

2

�
!2 + 1

4

#
d!

This can be evaluated numerically using adaptive integration.

Note that there is a stable and an unstable way (that is proposed in
Heston's original paper) to calculate the Heston characteristic
function, cf. [L],[AMST], or [LK].

Calibration can be made more e�cient by using bootstrapping.
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Benchmark Instruments

Following [P] we use PRDCs with low leverage, medium
leverage and high leverage depending on the coupon payments

ci = N (C (ti )� K )+ with N =
kf

s
;K =

skd

kf

If the strike is low, then the coupon has a relative high
probability of having a non-zero payout.

Therefore, low strikes and low notionals correspond to a
low-leverage situation.

Conversely, at-the-money strikes and high notionals
correspond to a high-leverage situation.



Benchmark Instruments

We consider (payer) PRDCs with

maturities of 30 years.

scaling factor s set to the FX forward.


oor of zero, no cap

and the following parameters

Low Medium High

Foreign Coupon 5.0% 9.1% 14.05%

Domestic Coupon 2.2% 6.8% 12.9%

Trigger-Barrier 120 130 140

TARN-Trigger 50% 20% 15%



Benchmark Models

We want to study pricing e�ects of FX smiles, stochastic
rates, and rates smiles.

To this end, we price the products with

the standard model:

Hull-White rates and lognormal FX dynamics

an usual Heston model:

deterministic rates and Heston FX dynamics

a hybrid FX smile model:

Hull-White rates and Heston FX dynamics

a full smile model:

Heston-Cheyette rates and Heston FX dynamics



Benchmark Models

Example: FX-Calibration of Heston FX model with Hull-White rates
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20.00%
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0.9 0.75 0.5 0.25 0.1
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Price Impact of FX Smile

We compare models with

Hull-White rates dynamics and a lognormal FX process to

Hull-White rates dynamics and a Heston FX process

and obtain the price di�erences

FX Heston - Lognormal Low Medium High

Underlying -2.69% -5.61% -5.80%

Cancellable -1.57% -3.81% -3.88%

Knock-out -4.14% -8.78% -9.99%

TARN -1.92% -3.55% -3.65%



Price Impact of Stochastic Rates

We compare models with

deterministic interest rates and a Heston FX process to

Hull-White rates dynamics and a Heston FX process

and obtain the price di�erences

Hull-White - deterministic rates Low Medium High

Underlying -0.36% 0.30% 0.53%

Cancellable 3.70% 4.17% 4.26%

Knock-out -0.73% -0.13% -0.09%

TARN -0.54% 0.59% 2.68%



Price Impact of Rates Smile

We compare models with

Hull-White rates dynamics and a Heston FX process to

Heston-Cheyette rates dynamics and a Heston FX process

and obtain the price di�erences

Cheyette - Hull-White Low Medium High

Underlying 0.64% 0.87% 1.25%

Cancellable -0.83% -0.24% 0.16%

Knock-out 0.75% 0.96% 1.39%

TARN 0.76% 0.36% 0.51%



Model Prices

Prices of PRDC underlyings

Low Medium High
Hull-White - Lognormal FX -7.14% -6.97% -7.04%

Deterministic Rates - FX Heston -9.47% -12.89% -13.36%
Hull-White - FX Heston -9.83% -12.58% -12.84%
Cheyette - FX-Heston -9.19% -11.71% -11.59%

Prices of cancellable PRDCs

Low Medium High
Hull-White - Lognormal FX 7.59% 14.62% 22.32%

Deterministic Rates - FX Heston 2.32% 6.64% 14.19%
Hull-White - FX Heston 6.02% 10.81% 18.45%
Cheyette - FX-Heston 5.19% 10.57% 18.60%



Model Prices

Prices of Knock-Out PRDCs

Low Medium High
Hull-White - Lognormal FX 3.37% 8.77% 12.67%

Deterministic Rates - FX Heston -0.03% 0.12% 2.76%
Hull-White - FX Heston -0.76% -0.01% 2.68%
Cheyette - FX-Heston -0.02% 0.95% 4.07%

Prices of TARN-PRDCs

Low Medium High
Hull-White - Lognormal FX 0.28% 7.21% 17.89%

Deterministic Rates - FX Heston -1.11% 3.07% 11.56%
Hull-White - FX Heston -1.64% 3.66% 14.24%
Cheyette - FX-Heston -0.88% 4.02% 14.74%
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Conclusion

Prices of hybrid products may be very sensitive to

asset smiles
stochastic rates
rates smiles

and ignoring these pricing e�ects can easily show a pro�t on a
trade that is actually a loss !!!!

The approach described in this talk is


exible enough to be used for several/di�erent hybrid products
tractable due to e�cient calibration
taking into account all of these e�ects

But what is about correlation ??
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