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Bermudan callable products

Simple example: (Bermudan) callable interest rate swap

Euribor: Interest rate for a loan between
banks 230

Contract I: A borrows from B 30 Mio. €
over a period of 10 years and pays
quarterly the 3M-Euribor.

Contract ll: A buys from C a Eermudan
swaption, i.e. the right to choose a
payment date of contract I, from which on
C pays quarterly the 3M-Euribor to B and

receives a fixed payment of 3% from A. o Ry e Ve e
B Euribor 31 ELR

| | | | | | | Bank B
4 ’ T i 1 7]
30 Mio.el Euribor! : : : : T:

a | = g : . : Banksy
7 304 11 : | I
‘ I I | I

T : : | I | I | | | I Bank C
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Bermudan callable products

‘Exotic’ example: cancelable snowball swap

Snowball swap: Instead of the floating spot rate the holder pays a starting coupon
rate I over the first year and in the forthcoming years

(K + previous coupon — spot rate) ™",

where the first coupon I and the strike rate K are specified in the contract

The investor is taking the view that interest rates will increase less aggressively
than is being priced into the market

Cancelable snowball swap: The holder has the right to cancel this contract

What is the fair price of this cancelable product?
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Bermudan callable products

CREDIT SUISSE

Bond Investment

Bester Anbieter strukturierter Produkte in der Schweiz

3-jahrige 2.75% Callable Snowball Note in CHF

15. Februar 2006
Indikative Coupontabelle*
Emittent Credit Suisse, London Branch (A+/Aa3) Semester Coupon (p.a)
Lead Manager Credit Suisse. ; i;iz"n": o Leon
i i bis am 16. Mérz 2006, 12:00 MEZ
3 Coupon + 1.50% - LIBOR
23, Mérz 2006
T 2000 4 Coupon +1.75% - LIBOR
RiEkziy unterliegt einer Call-Klausel 5 Coupon + 2.00% - LIBOR
Rickzahlung durch den Emitterten 100% s Coupon + 2.25% - LIBOR
Coupon im 1. Semester 2.75% p.a. Quelle: Credit Suisse
Coupons siehe C rechts
6-Monats CHF LIBOR Frihzeitige Rickzahlung
LIBOR wie auf Telerate Seite 3740 publiziert, jeweils zwei Die Note enthalt eine Call-Klausel. Der Emittent hat das
Handelstage vor Ende der C fixiert Recht, die Note erstmals am 23. September 2006 und
Coupondaten halbjéinrich (adjusted following)  danach an jedem weiteren Coupondatum vorzeitig zu pari
Couponbasis 30/360, unadjusted  (100%) zuriickzuzahlen, mit einer Ankiindigungsfrist von 5
Stickelung CHF5000  Arbeitstagen an Euroclear.
100%
0.50%
nur Ankaufskurs (bid price) 6-Monats CHF LIBOR (iber die letzten 3 Jahre
Sekundamarkt unter normalen Marktbedingungen
Preis inklusive aufgelaufene Zinsen r25%
Verkaufsrestriktionen USA, US Personen, UK, EEA
Schweizer 2428261 Too%

Kurzbeschreibung

Callable Snowball Notes sind strukturierte Derivate. Sie bieten
Ihnen als attraktive Obligationenalternative die Méglichkeit, Ihre
Rendite zu verbessern. Diese Note ist fur Sie interessant,
wenn Sie den 6-Monats CHF LIBOR tber die Laufzeit der
Note nicht stark ansteigen sehen.

Funktionsweise

Die Hohe der Couponzahlungen hangt von der
vorhergehenden Couponzahlung und vom 6-Monats CHF
LIBOR ab, der jeweils 2 Handelstage vor Ende der
halbjahrlichen Couponperiode fixiert wird. Fir das erste
Semester wird jedoch ein fixer Coupon von 2.76% p.a.
ausgeschittet. Danach entspricht der Coupon dem
vorhergehenden Coupon plus dem entsprechenden Step-up
Zinssatz minus dem aktuellen 6-Monats CHF LIBOR. Der
Step-up Zinssatz startet bei 1.25% und steigt danach bis auf
2.25% fiir die letzte Couponperiode im 3. Jahr an. Die untere
Grenze der Couponzahlung liegt bei 0%, d.h. sie kann nicht
negativ sein.

* Wichtig:

7S

050%

0z

21022003 26092003 30042004 03122004 08072005 10022008

Quele: Bloomberg

Alle in diesem Dokument erwshnten Produktebedingungen sind nur indikativ und werden zur Anfangsfixierung bestatigt oder angepasst.
Bitte beachten Sie, dass die Erfauterungen auf Seite 2 auch fr diese Seite Gltigkeit haben. 1
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Optimal stopping

> Mathematical problem:

Optimal stopping (calling) of a reward (cash-flow) process Z depending on
an underlying (e.g. interest rate) process L

> Typical difficulties:

— L is usually high dimensional, for Libor interest rate models, d = 10 and up,
so PDE methods do not work in general

— 7 may only be virtually known, e.g. Z;, = E”:i > ;> O(L;) for some pay-off
function C, rather than simply Z; = C'(L;)

— 7/ may be path-dependent
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Optimal stopping

The standard Bermudan pricing problem

Consider an underlying process L in R”, e.g. a system of asset prices or Libor
rates and a set of (future) dates T := {7}, T4, ..., T}

Bermudan derivative: An option to exercise a cashflow C (T, L(T;)) at a future
time T, € T, to be decided by the option holder

Valuation: If N, with N(0) = 1, is some discounting numeraire and P the with NV
associated pricing measure, then with 72, .= C(T’, L(T;))/N(T), the t = 0 price
of the option is given by the optimal stopping problem

Vo= sup ENZ,

where the supremum runs over all stopping indexes 7 with respect to {F7, 0 <
i < k}, where (F;):>¢ is the usual filtration generated by L.
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Optimal stopping

At a future time point ¢, when the option is not exercised before ¢, the Bermudan
option value is given by

TE{K(t),....k}
with x(t) .= min{m : T, > t}.
The process
Vi
Y =

called the Snell-envelope process and is a supermartingale, i.e.
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Optimal stopping

Canonical Solution by Backward Dynamic Programming

SetY* :=Y*T,), F,:=Fr. Atthe last exercise date 7} we have

Y =2

and for 0 < j < k,

Y =max (Z;, 7Y} ).

J

— Nested Monte Carlo simulation of the price Y; would thus require N*
samples when conditional expectations are computed with N samples

Typically, N=10000, k=10 exercise opportunities, give 10 samples!!
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Optimal stopping
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Construction of exercise policies

Let us consider a stopping family (policy) (7;), which satisfies the consistency
conditions:

<<k, =k T>1=T="T1, 0<1<Ek,

and the corresponding lower bound process Y for the Snell envelope Y,

Y, = EFiZ, <V;

Example input policies:
> The policy
7 :=inf{j >i: L(T}) € G Cc R}
exercises when the underlying process L enters a certain region G.

Is the policy 7 a good one ?
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Dual upper bounds

Upper approximations of the Snell envelope by Duality

The Dual Method

Consider a discrete martingale (Mj)j:0
tion (F;),_,

.....

.....

Yo:= sup ENZ = sup E[Z, —M]<E” max [Z; — M]]
7€{0,....k} r€{0,,...k} 0<j<k

Hence the r.h.s. with an arbitrary martingale gives an upper bound for the
Bermudan price Y.

What martingale does lead to equality ?
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Dual upper bounds

Theorem (Rogers (2001), Haugh & Kogan (2001))

Let M* be the (unique) Doob-Meyer martingale part of (Y*)
(F;)-martingale which satisfies

. . -
o< 1€ M:1s an

Yi=Yy+ M — AL =0,k

with My := Aj := 0 and A* being such that A7 is 7; ; measurable for j =1,.... k.
Then we have

Yy =B’ max [Z; — M]].

0<j<k
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Riesz upper bounds

Upper approximations of the Snell envelope using Riesz decomposition

Doob-Meyer decomposition

J

and Y;* = Z;. imply Riesz decomposition

Yi =Yy + M- AL j=0,..

Y = BV Z, + EVI(A] - A)

Since A7, — Af =Y — EﬂY;il = [Z; — Efiyiilrr

(4

7k7

k—1
Y =EiZy+ B )Y |2~ E

1=]

FiY*

1+1

]—i—
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Riesz upper bounds

If Y; is a lower approximation for Y.* then (Belomestny & Milstein (2005))

k—1

Yjup = E7iZ, + B Z[Zz — E7iY; )"

i=j
IS an upper approximation for Y*
> Monotonicity

e e (S
> Locality
Let {Y* « € I;} be a family of local lower bounds at 7, then
k—1

J el

1=]

IS an upper bound
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Fast upper bounds

For any martingale My, 0 < j < k with respect to the filtration (Fr; 0 < j < k)
starting at My, =0

Y,? (M) = E70 [max (Zr, — MTj)]

0<j<k

is an upper bound for the price of the Bermudan option with discounted cash-
flow ZT]..

Exact Bermudan price is attained at the martingale part M* of the Snell enve-
lope,

Yr =Yp + My, — Ap,

My, = Ap = 0and Ay is Fr,_, measurable
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Fast upper bounds

Assume that Y. = (7}, L(T})) is an approximation of the Snell envelope Y7,
0 < j <k, with Doob decomposition

Yr, =Yg, + Mr, — Ar,,

where My, = Ap =0 and Ar, 1S Fr._, measurable.

It then holds:
YTj+1 — YTj = MTj+1 — MTj — ATj+1 + AT].

Mz, — My, = Y1, — E" [YTJ+1]

The computation of M; by simulations leads to quadratic Monte Carlo for Y,*
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Fast upper bounds

Assume the underlying process L to be Markovian, and the filtration F to be
generated by a D-dimensional Brownian motion W, then due to the martingale
representation theorem

1 T
My, = / HdW, = / B(t, L) AW, j =0, ... k.
0 0

where H,; is a square integrable and previsible process.

If we estimate function A (-, -) and plug the estimate back we will get a
martingale
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Fast upper bounds

We are going to estimate H; on partition = = {¢¢,...,t7} with ¢, =0, t7 =T, and
{To,...,Tk} C .
Write formally,

Yro,—Yo~ Y Hy- (Wi, — W)+ Ap,, — Ar,.

tZETF;TjStl<Tj+1

By multiplying both sides with (W — W), T; < t; < T}, and taking F -
conditional expectations, we get by the 77 -measurability of Az,

1

tiv1 — t;

Z% E]:ti |:<Wd — Wt?) . YTijl} .

tit1

and so

1
Hy, ~ HZZ = EE}—% [<Aﬂm)TyTj+1} , 1y <t < Ty,

]

with AZT =ta1 — and AWI/VZ-d = Wtcirl — Wtcf
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Fast upper bounds

The corresponding approximation of the martingale M is

M7 = Y  HI-A"W;

tiem0<t;<T;

Theorem:

lim E | max |[Mf7 — Mg || =0,

|| —0 0<<k J

where || denotes the mesh of .
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Fast upper bounds
The conditional expectations in the definition of H™ are functions of L(t;):

|
AT

1

W (b5, () = = BN [(AW) u(Tyr, L(Ty))] s Ty <t < T

and can be computed by regression.

Take basis functions

w(tia > — (¢T<tia ')7 r=1,..., R)

and N independent samples
(tl', nL(Q)), n — 1, c e ey N

from L(¢;) constructed using the Brownian increments ATW;, n=1,..., N.
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Fast upper bounds

Construct the regression matrix A;’ .= (A, A;,)~'A/, where

.....

Then define

~ (ATWZ-

hﬂ—<ti7x) — w(tlax) A?? AT -YTj_H) = w(tiax)gtp

where

ATW; AT @
. _ 1 YT ) — ( n — 1 nYT ) :
( A; o A ok n=1,..N,d=1,...,.D

.....

Y., = u(Tjs1, oL(Tj41)), and 3y, is the R x D matrix of estimated regression
coefficients at time ¢;.
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Fast upper bounds

True linear Monte Carlo upper bound

1 N

?UP(Z\/Z”) == max
N < 0<j<k

n=

by simulating new paths

~

?

Ogti<I}',

tZ'E?T;OStZ'<Tj

n=1,...

S© o Bt LTY) - (ATW)

tiEW;O§t¢<Tj

IS always a martingale, so the upper bound is true!
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Application: Max Call on D assets

Black-Scholes model:

Pay-off:

dX¢ = (r — 0) X%t + o XdW?,

Zy = 2(X,) = (max(X/}, ..., X) — r)".

d=1, ..

I

D

I

T, = 3yr, k =9 (ex. dates), k = 100, r = 0.05, 0 = 0.2, 6 = 0.1, D = 2 and different

X

xo | Lower Bound | Upper Bound | Upper Bound | Upper Bound
Yo Yo'(MT) Yipi200(0) Yipi100(0)
90 | 7.9751+0.139 | 8.4963+0.052 8.231 8.5014+0.06
100 | 13.883+0.177 | 14.315+0.073 14.18 14.3540.07
110 | 21.291+£0.205 | 21.772+0.095 21.68 21.79+0.11
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Application: Bermudan swaptions

A first numerical example: Bermudan swaptions in the LIBOR market model

Consider the Libor Market Model with respect to a tenor structure 0 < T < Th <
... <T,, e.g. in the spot Libor measure P* induced by the numeraire

m(t) 1
B*(t) H (1 + 6,L;(T,

with m(t) := min{m : T,,, > t}.
The dynamics of the forward Libor L;(t) is given by a system of SDE’s

i 0;LiLi ;-
-Z@) To,L, TR
j=m

Here 6, =T, 1 — T; are day count fractions, and

t—yi(t) = (via(l), -, 7ialt))

are deterministic volatility vector functions defined in [0, 7T;], called factor load-
Ings.
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Application: Bermudan swaptions
A (payer) Swaption over a period [T;,T,], 1 < i < k. A swaption contract with
maturity 7; and strike 6 with principal $1 gives the right to contract at 7; for paying

a fixed coupon # and receiving floating Libor at the settlement dates 7;.,1,...,T,.
So by this definition, its cashflow at maturity is

A Bermudan Swaption gives the the right to exercise a cashflow

CT = ST’n (TT>

T

at an exercise date T, € {T1,...,T,} to be decided by the option holder.

MathFinance Workshop 2007, Frankfurt 26-27 March 2007 25 lwlilals



Application: Bermudan swaptions

Prices of bermudan swaptions x10*

D | 0 |Y, Y. (M)
0.08 | 1094.8+1.2 | 1096.14-2.0
40 | 0.10 | 338.2+1.0 | 341.24+1.3
0.12 | 96.440.5 | 100.0+0.6
0.08 | 1096.3+1.3 | 1096.64-2.0
10 | 0.10 | 344.3+1.0 | 346.7+1.3
0.12 | 101.74+0.6 | 104.94-0.7
0.08 | 1108.1+1.5 | 1110.54+2.4
1 10.10 | 381.7+41.2 | 384.7+1.6
0.12 | 121.240.7 | 123.14+0.8
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Path dependent callable products

Consider a path dependent cancelable contract which generates (possibly neg-
ative) cash-flows ', ..., C; up to a cancelation date . The cash-flows of this
contract are equivalent to an aggregated cash-flow at cancellation date,

B.T.)Z, = B.T:) Y 7,
j=1

with Z; .= C;/B.(7;) being discounted cash-flows w.r.t. the numeraire B...

Product price at time zero:

‘/Ocancel ‘= sup EJ:OZT — sup E]:O Z Zja

’7'6{1 ..... k}} Te{l ..... k’} ]_1

where the sup is taken over all stopping indices with values in the {1,... k}.
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Path dependent callable products
Path-dependent callables

A path dependent callable contract generates

CT"—]_?" .’Ck

when called at 7. It is equivalent to the sum of a non-callable and a cancelable
one (and vice versa):

k
Vvocall — sup E]‘—O Z Z].
re{l,... .k} J—
k T
= EfOZZj +  sup E“TOZ(—ZJ')
=1 re{l,....k} =1
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Application: Snowballs

Example: The cancelable snowball swap

Pays semi-annually a constant rate I over the first year and in the forthcoming
years (Previous coupon + A — Libor)™, semi-annually, where A is given in the
contract. For this case we take

Ki = I, ’I;:O,l,
K, = (Kia+A—-L(T))", i=2,.,n—1,

with A, = 0.03, A;;1 = A; for even i, A;.1 = A; + s for odd i. Cancelation is
allowed for 2 < 7 < n, n =20 (10 years)

Effective discounted cashflows at 7’:

(Lj—1(Tj—1) — K1) 0j—1

/=
! B.(T}) ’

hence aggregated up to cancelation Z, = Z§:1 Z;.
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Application: Snowballs

Tenor structure, initial Libor curve and factor loadings

Tenors | 0.0 0.5 1 1.5 2 2.5
Ly 0.023 | 0.025 | 0.027 | 0.027 | 0.031 | 0.031
C; 0.153 | 0.143 | 0.14 | 0.140 | 0.139
Tenors 3 3.5 4 4.5 S 5.5
Ly |0.033]0.034|0.036 | 0.036 | 0.038 | 0.039
C; 0.138 | 0.137 | 0.136 | 0.135 | 0.134 | 0.132
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Application: Snowballs

Prices of cancellable snowballs x10* in dependence on s

s | Yy (M)
0.005 | 64.8+2.4 | 6/7.4+2.2
0.004 | 101.9+2.3 | 107.3£1.9
0.003 | 139.8+2.2 | 143.3+1.7
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