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Abstract

W e presen t a generic non-nested Mon te Carlo pro cedure for computing true upp er

b ounds for Berm udan pro ducts, giv en an appro ximation of the Snell en v elop e. The

pleonastic \true" stresses that, b y construction, the estimator is biased ab o v e the

Snell en v elop e. The k ey idea is a regression estimator for the Do ob martingale part

of the appro ximativ e Snell en v elop e, whic h preserv es the martingale prop ert y . The so

constructed martingale ma y b e emplo y ed for computing dual upp er b ounds without

nested sim ulation. In general, this martingale can also b e used as a con trol v ariate

for sim ulation of conditional exp ectations. In this con text, w e dev elop a v ariance

reduced v ersion of the nested primal-dual estimator (Andersen and Broadie, 2004)

and nested consumption based metho ds (Belomestn y and Milstein, 2006). Numerical

exp erimen ts indicate the e�ciency of the non-nested Mon te Carlo algorithm and the

v ariance reduced nested one.

1 In tro duction

In recen t y ears, m uc h researc h on pricing of high-dimensional Berm udan deriv ativ es w as

dev oted to the appro ximation of the optimal exercise p olicy . Once a \go o d" but generally

sub-optimal p olicy is kno wn, a lo w er biased appro ximation of the Berm udan price can b e

found b y straigh tforw ard Mon te Carlo sim ulation of the underlying tra jectories, stopp ed

according to this p olicy . Most p opular in this resp ect are the regression-based approac hes

of Carriere (1996), Longsta� and Sc h w artz (2001), Tsistsiklis and V an Ro y (1999) and

Clemen t et al. (2002). Another notable approac h is bac kw ard construction of the exercise

b oundary using its suitable parametrization. This metho d is utilized b y Andersen (2000)

in the con text of Berm udan sw aptions. An imp ortan t feature of these metho ds is their

e�ciency: b y a relativ ely lo w computational costs an appro ximativ e exercise p olicy can

b e constructed, a straigh tforw ard Mon te Carlo sim ulation giving thereafter a lo w er price.

The goal of this pap er is an e�cien t metho d for computing an upp er b ound, giv en an

appro ximation of the Snell en v elop e, for example, in the form of a pre-computed exercise

b oundary . Rogers (2001) and indep enden tl y Haugh and Kogan (2004) dev elop ed a dual

metho d whic h pro vides an upp er b ound for the Berm udan price, giv en an appro ximation

of the Snell en v elop e. A m ultiplicativ e v ersion of this metho d is studied b y Jamshidian

(2006). A comparativ e study of m ultiplicativ e and additiv e duals is pro vided in Chen

and Glasserman (2005). Via the Do ob martingale part of a \go o d" appro ximation of

the Snell en v elop e, the dual approac h giv es a tigh t upp er b ound for the Berm udan price.

The martingale part of the (generally unkno wn) Snell en v elop e w ould ev en result in the

exact Berm udan price. Due to this fact the martingale part M of an y \reasonable" ap-

pro ximation Y of the Snell en v elop e is a promising candidate for a \go o d" upp er b ound.

Andersen and Broadie (2004) suggested to estimate this t yp e of martingale upp er b ound

b y a sim ulation within a sim ulation approac h. By the Do ob decomp osition w e ha v e

M

T

j +1

� M

T

j

= Y

T

j +1

� E

T

j

[ Y

T

j +1

] : (1.1)
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An inner Mon te Carlo sim ulation is used to estimate the conditional exp ectation in (1.1),

and an outer sim ulation is used to compute an outer exp ectation that determines the cor-

resp onding upp er b ound. Although the demand for nested sim ulation mak es the Andersen

and Broadie algorithm computationally extensiv e, it guaran tees that the estimator for M ,

whic h fails to satisfy the martingale prop ert y in general, induces an upp er b ound estimate

that is biased high. This imp ortan t \biased high"-prop ert y is not shared in general, if

faster estimation pro cedures suc h as regression metho ds are applied to estimate the con-

ditional exp ectation in (1.1). The �rst attempt to o v ercome this di�cult y w as made in

Glasserman and Y u (2005), where a sp ecial regression algorithm preserving martingale

prop ert y of (1.1) is prop osed. This algorithm, ho w ev er, requires strong conditions on

the basis functions, that ma y b e hard to c hec k in practice. As an alternativ e, Kolo dk o

and Sc ho enmak ers (2004) prop ose a di�eren t estimator whic h allo ws for a substan tially

reduced amoun t of inner sim ulations. While their pro cedure ma y b e e�ectiv e, it has a

dra wbac k: Their alternativ e estimator ma y fail to giv e an upp er b ound when the n um b er

of inner sim ulations used is to o lo w.

In this pap er w e a v oid estimating the conditional exp ectation in (1.1). Instead w e con-

struct an estimator for M that is based on the martingale represen tation theorem (Section

2). The main adv an tage is that the th us constructed estimators inherit the martingale

prop ert y from M , if conditional exp ectations are estimated in a non-an ticipativ e w a y . In

particular the conditional exp ectations can b e estimated b y the p opular linear regression

metho d on basis functions without an y restrictions on the basis (Section 3). The corre-

sp onding estimator

c

M for M is a martingale and consequen tly induces an upp er b ound.

Moreo v er, if Y is constructed b y linear regression, the same regression matrices can b e

used to estimate

c

M . Hence, the construction of

c

M do es require almost no computational

costs in this situation (and of course, no time consuming nested sim ulations). Some results

on the con v ergence of

c

M to M are presen ted in Theorem 2.1 and Remark 3.1.

In Section 4 w e analyze ho w the estimator

c

M can alternativ ely b e applied as con trol

v ariate for the primal-dual algorithm of Andersen and Broadie (2004) and for another

approac h to w ards constructing upp er b ounds whic h w as in tro duced in Belomestn y and

Milstein (2006). Moreo v er, the martingale

c

M can b e used to deriv e estimates for the delta

of the Berm udan option in a complete mark et, as is stressed in Section 5.

Finally w e presen t n umerical examples in Section 6. In our sim ulation study for a maxi-

m um call on sev eral assets w e �nd that the fast non-nested estimator in tro duced in this

pap er yields surprisingly go o d upp er b ounds. W e also demonstrate a signi�can t v ariance

reduction e�ect of

c

M , if used as con trol v ariate for the primal-dual algorithm. Section 7

concludes.

2 Constructing dual upp er b ounds

W e consider a Berm udan option that can b e exercised at one date from the set E =

f T

0

; : : : ; T

J

g . T o simplify the notation w e shall assume that T

0

= 0 and de�ne T := T

J

.

Let us further assume that w e ha v e a giv en pricing measure Q connected with a giv en

discoun ting n umeraire N on some �ltered probabilit y space. According to the Berm udan

con tract, when exercising at time T

j

2 E , the holder of the option receiv es a discoun ted

2



pa ymen t of the form

H

T

j

:= h ( T

j

; X

T

j

) ;

where h ( T

j

; � ) is Lipsc hitz con tin uous and X

t

is the solution of the SDE

dX

t

= a ( t; X

t

) dt + b ( t; X

t

) dW

t

(2.1)

X

0

= x: (2.2)

The co e�cien t functions a : [0 ; T ] � R

D

! R

D

and b : [0 ; T ] � R

D

! R

D � D

are supp osed

to b e Lipsc hitz in space and 1 = 2-H

•

older con tin uous in time, with D denoting the dimen-

sion of the Bro wnian motion W = ( W

1

; : : : ; W

D

)

>

under the pricing measure Q . F or

no w w e do not assume additional regularit y conditions on the di�usion co e�cien t b ( � ; � ).

Throughout ( F

t

; 0 � t � T ) is the augmen ted �ltration generated b y this Bro wnian mo-

tion. All exp ectations and conditional exp ectations are tak en under the pricing measure

Q . Conditional exp ectations under Q with resp ect to F

t

will b e denoted b y E

t

[ � ]. The

n umeraire N is p ositiv e, adapted, and N

0

:= 1 :

W e think of X as a v ector of �nancial quan tities whic h is determined b y some arbitrage

free system of tradable quan tities on the bac kground. Of course all comp onen ts of X ma y

b e tradable themselv es, but for example X ma y b e also a set of (Lib or) in terest rates

whic h are determined b y a system of (tradable) b onds.

Recall that for an y martingale M

T

j

; 0 � j � J with resp ect to the �ltration ( F

T

j

; 0 � j �

J ) starting at M

0

= 0

Y

up

( M ) := E

�

max

0 � j � J

( H

T

j

� M

T

j

)

�

(2.3)

is an upp er b ound for the price of the Berm udan option with cash-
o w H

T

j

. Moreo v er,

the Berm udan price is attained at the martingale part of the Do ob decomp osition of the

discoun ted price pro cess (Snell en v elop e). The latter pro cess is denoted b y Y

�

T

j

.

Supp ose some appro ximation Y

T

j

of the Snell en v elop e is giv en. If Y is a go o d appro xi-

mation and it is decomp osed in its Do ob decomp osition

Y

T

j

= Y

0

+ M

T

j

+ U

T

j

(2.4)

where the martingale M and the predictable pro cess U start at zero, then w e exp ect

Y

up

( M ) to b e a close upp er b ound of Y

�

0

. In principle, U and M can b e found from Y

via the relations

U

T

j +1

� U

T

j

= E

T

j

[ Y

T

j +1

] � Y

T

j

;

M

T

j +1

� M

T

j

= Y

T

j +1

� E

T

j

[ Y

T

j +1

] : (2.5)

If one estimates the conditional exp ectations in the ab o v e expressions { sa y , b y standard

regression metho ds {, the estimated v ersion of M will lo ose the martingale prop ert y in

general. In particular, it is not guaran teed that it induces an upp er b ound. W e will no w

exploit the structure of the Bro wnian �ltration to construct an appro ximation of M in

a w a y that all conditional exp ectations can b e estimated without lo osing the martingale

prop ert y .

Indeed, under the assumption that M

T

is square in tegrable there is a square in tegrable

(ro w v ector v alued) pro cess Z

t

= ( Z

1

t

; : : : ; Z

D

t

) satisfying

M

T

j

=

Z

T

j

0

Z

t

dW

t

; j = 0 ; : : : ; J : (2.6)
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Hence, our aim is to appro ximate Z instead of M and then mak e use of relation (2.6).

Of course, w e can estimate Z only at a �nite n um b er of time p oin ts. So w e in tro duce a

partition � = f t

0

; : : : ; t

I

g suc h that t

0

= 0, t

I

= T , and E � � . W e write formally , b y (2.4)

and (2.6),

Y

T

j +1

� Y

T

j

�

X

t

l

2 � ; T

j

� t

l

<T

j +1

Z

t

l

( W

t

l +1

� W

t

l

) + U

T

j +1

� U

T

j

:

Multiplying b y the incremen t of the d th Bro wnian motion ( W

d

t

i +1

� W

d

t

i

) and taking con-

ditional exp ectations w e obtain, b y the ( F

T

j

)

j =1 :::; J

-predictabilit y of U

Z

d

t

i

�

1

t

i +1

� t

i

E

t

i

h

( W

d

t

i +1

� W

d

t

i

) Y

T

j +1

i

; T

j

� t

i

< T

j +1

:

This formal argumen tation motiv ates the de�nition

Z

�

t

i

:=

1

�

�

i

E

t

i

h

(�

�

W

i

)

>

Y

T

j +1

i

; T

j

� t

i

< T

j +1

(2.7)

with an ob vious de�nition of the incremen ts, e.g. �

�

W

d

i

:= W

d

t

i +1

� W

d

t

i

. The corresp ond-

ing appro ximation of the martingale M is

M

�

T

j

:=

X

t

i

2 � ;0 � t

i

<T

j

Z

�

t

i

(�

�

W

i

) : (2.8)

The follo wing theorem sho ws that the martingale M

�

based on the discretized It^ o in tegral

con v erges to the original one, M .

Theorem 2.1. (i) We have,

lim

j � j! 0

E

�

max

0 � j � J

j M

�

T

j

� M

T

j

j

2

�

= 0

wher e j � j denotes the mesh of � .

(ii) Supp ose that either Y

T

j

= u ( T

j

; X

T

j

) or Y

T

j

= u ( T

j

; X

��

T

j

) , j = 1 ; : : : ; J , wher e the

functions u ( T

j

; � ) ar e Lipschitz c ontinuous and X

��

t

i

is the Euler appr oximation of X

t

c or-

r esp onding to a p artition �� � � . Then ther e exists a c onstant C > 0 such that

E

�

max

0 � j � J

j M

�

T

j

� M

T

j

j

2

�

� C j � j

The pro of is p ostp oned to the App endix.

Note that, for t w o martingales M

(1)

and M

(2)

starting in 0, one can obtain b y straigh t-

forw ard manipulations

j Y

up

( M

(1)

) � Y

up

( M

(2)

) j

2

� E

�

max

0 � j � J

j M

(1)

T

j

� M

(2)

T

j

j

2

�

(2.9)

Hence, w e obtain the follo wing immediate corollary:
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Corollary 2.2. (i) It holds that

lim

j � j! 0

Y

up

( M

�

) = Y

up

( M )

(ii) Under the assumption of The or em 2.1, (ii), we have

j Y

up

( M

�

) � Y

up

( M ) j

2

� C j � j

The ab o v e corollary states that the upp er b ounds due to M and M

�

do not di�er m uc h,

when the mesh of the partition � is su�cien tly small. The main adv an tage of M

�

is that

(2.8) remains a martingale, ev en if the conditional exp ectations in (2.7) are estimated (of

course in a non-an ticipativ e manner). Denoting suc h martingale (with the conditional ex-

p ectations in (2.7) estimated) b y

c

M

�

, Y

up

(

c

M

�

) therefore alw a ys de�nes an upp er b ound

of the Berm udan price Y

�

0

. This is in con trast to the represen tation of M in (2.5). Estimat-

ing the conditional exp ectations in (2.5) can in general destro y the martingale prop ert y

and so the estimated v ersion ma y not induce an upp er b ound.

3 Upp er b ounds without nested Mon te Carlo

W e no w describ e an algorithm based on the construction of the martingales M

�

that allo ws

to calculate dual upp er b ounds without nested Mon te Carlo. T o this end w e supp ose that

the appro ximativ e Snell en v elop e Y

T

j

is of the form

Y

T

j

= u ( T

j

; X

��

T

j

) :

W e emphasize that n umerical metho ds to appro ximate the Snell en v elop e t ypically yield

appro ximations of this form. It is then straigh tforw ard that the conditional exp ectations

in the de�nition of Z are, in fact, regressions on X

��

t

i

. Precisely ,

Z

�

t

i

=

1

�

�

i

E

X

��

t

i

h

(�

�

W

i

)

>

u ( T

j +1

; X

��

T

j +1

)

i

; T

j

� t

i

< T

j +1

:

Next w e appro ximate Z

�

t

i

b y sim ulation based least squares regression on basis functions

as w as suggested b y Longsta� and Sc h w artz (2001) for lo w er b ounds. T o this end w e

sim ulate

e

N indep enden t samples of the Bro wnian incremen ts �

�

W

i

, i = 1 ; : : : ; I ,

�

�

�

f

W

i

:= (�

�

n

f

W

i

)

n =1 ;::: ;

e

N

:= (

n

f

W

d

t

i +1

�

n

f

W

d

t

i

)

n =1 ;::: ;

e

N ; d =1 ;::: ;D

(hence for a �xed time p oin t t

i +1

, in terpreted as

e

N � D matrix). Giv en a ro w v ector

of (p ossibly time dep enden t) basis functions  ( t

i

; � ) = (  

k

( t

i

; � ) ; k = 1 ; : : : ; K ) and

e

N

indep enden t samples ( t

i

;

n

e

X

��

t

i

) ; n = 1 ; : : : ;

e

N of the Euler sc heme X

��

t

i

constructed from

the ab o v e Bro wnian incremen ts �

�

n

f

W

i

; n = 1 ; : : : ;

e

N ; the corresp onding regression matrix

at time t

i

is de�ned as the pseudo-in v erse A

�

t

i

of the matrix

A

t

i

=

�

 

k

( t

i

;

n

e

X

��

t

i

)

�

n =1 ;:::;

e

N ;k =1 ;:::;K

(recall that the pseudo in v erse A

�

t

i

coincides with

( A

>

t

i

A

t

i

)

� 1

A

>

t

i

;
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if the matrix A

t

i

has full rank). Then, the corresp onding appro ximativ e regression mapping

for Z

�

t

i

is de�ned b y

bz

�

( t

i

; x ) =  ( t

i

; x ) A

�

t

i

 

�

�

�

f

W

i

�

�

i

�

e

Y

T

j +1

!

; T

j

� t

i

< T

j +1

=:  ( t

i

; x )

b

�

t

i

; (3.1)

using the suggestiv e notations

 

�

�

�

f

W

i

�

�

i

�

e

Y

T

j +1

!

=

 

�

�

n

f

W

d

i

�

�

i

n

e

Y

T

j +1

!

n =1 ;:::;N ; d =1 ;:::;D

;

n

e

Y

T

j +1

:= u ( T

j +1

;

n

e

X

��

T

j +1

) ; and with

b

�

t

i

b eing the K � D matrix of estimated regression

co e�cien ts.

After ha ving obtained the functions bz

�

( t

i

; x ) in (3.1) b y the ab o v e describ ed regression

pro cedure, w e next construct an appro ximation of M

�

b y plugging in the system (2.1),

whic h w e supp ose to b e indep enden t of the Bro wnian incremen ts sim ulated ab o v e:

c

M

�

T

j

:= bm

�

( T

j

; X

��

; �

�

W ) :=

X

t

i

2 � ;0 � t

i

<T

j

bz

�

( t

i

; X

��

t

i

)(�

�

W

i

) :

Clearly

c

M

�

T

j

is a martingale with resp ect to the enlarged �ltration

F

e

N

T

j

:= F

T

j

_ G

e

N

0

; j = 0 ; :::; J ;

where G

e

N

0

:= � (�

�

n

f

W

i

; i = 1 ; : : : I ; n = 1 ; : : : ;

e

N ) : Ob viously , the underlying stopping

problem do es not c hange b y this enlargemen t of �ltration and, consequen tly , Y

up

(

c

M

�

)

is an upp er b ound for the discoun ted Berm udan option price. By sampling a new set

of N indep enden t tra jectories ( t

i

;

n

X

��

t

i

) ; n = 1 ; : : : ; N , of X

��

an un biased estimator for

Y

up

(

c

M

�

) is obtained b y

b

Y

up

(

c

M

�

) =

1

N

N

X

n =1

max

0 � j � J

h

h ( T

j

;

n

X

��

T

j

) � bm

�

( T

j

;

n

X

��

T

j

; �

�

n

W )

i

: (3.2)

R emark 3.1 . If the functions u ( T

j

; � ) are Lipsc hitz con tin uous, it can b e deduced from the

results on sim ulation of forw ard bac kw ard SDE b y Lemor et al. (2006) and Bender and

Denk (2006) that the error

j Y

up

(

c

M

�

) � Y

up

( M

�

) j

b ecomes arbitrarily small, pro vided the basis is appropriately c hosen and the n um b er N

of sim ulated tra jectories is su�cien tly large. It is, ho w ev er, w ell understo o d that the

qualit y of this appro ximation hea vily dep ends on the c hoice of � . While Corollary 2.2

suggests to c ho ose a v ery �ne partition � , suc h c hoice ma y cause an instable estimate of

the appro ximate regression functions bz

�

( t

i

; x ), unless the linear space spanned b y the basis

 and the n um b er of sim ulated paths for the regression are \v ery large".
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4 V ariance reduced upp er b ound estimators

F rom Corollary 2.2 and Remark 3.1 w e ma y deduce that Y

up

(

c

M

�

) is a close appro ximation

of Y

up

( M ), pro vided the partition � is su�cien tly �ne and the n umerical regression is

appropriately tailored (whic h can still b ecome computationally exp ensiv e, if a v ery �ne

partition is required). F rom (2.5) and the fact that

c

M

�

is a martingale w e see that

�

�

j

:= E

T

j � 1

�

Y

T

j

�

+ "

�

j

:= Y

T

j

� (

c

M

�

T

j

�

c

M

�

T

j � 1

) (4.1)

is an un biased estimator of E

T

j � 1

Y

T

j

. Th us,

c

M

�

T

j

�

c

M

�

T

j � 1

ma y b e seen as a con trol

v ariate (see, for example, Glasserman (2003) and Milstein and Sc ho enmak ers (2002)) for

the standard Mon te Carlo estimator of E

T

j � 1

Y

T

j

. Note that b y (4.1),

"

�

j

= ( M

T

j

�

c

M

�

T

j

) � ( M

T

j � 1

�

c

M

�

T

j � 1

) :

Clearly , for an y partition � w e ha v e E

T

j � 1

"

�

j

= 0 and, lo osely sp eaking, the v ariance of "

�

j

is closer to zero the more e�ort one puts in to the construction of

c

M

�

: W e ma y write

Y

up

(

c

M

�

) = E

2

4

max

0 � i � J

0

@

H

T

i

�

i

X

j =1

�

Y

T

j

� �

�

j

�

1

A

3

5

(4.2)

= E

2

4

max

0 � i � J

0

@

H

T

i

�

i

X

j =1

�

Y

T

j

� E

T

j � 1

Y

T

j

�

+

i

X

j =1

"

�

j

1

A

3

5

� Y

up

( M ) + E

2

4

J

X

j =1

�

"

�

j

�

+

3

5

=: Y

up

( M ) + E [ "

�

sum

] :

Ob viously , also E [ "

�

sum

] will b e closer to zero the �ner the grid mesh j � j and the larger

the set of basis functions.

Instead of making partitions �ner and �ner while increasing the set of basis functions, one

can alternativ ely tak e a comparably rough v ersion of

c

M

�

, (i.e. with a rougher partition

� and a small basis) and emplo y it as a con trol v ariate. This leads to v ariance reduced

estimators as outlined b elo w.

V ariance reduced primal-dual algorithm

Let M b e a martingale suc h that

E

T

j � 1

�

M

T

j

�

= E

X

T

j � 1

�

M

T

j

�

= M

T

j � 1

;

and let

�

j

:= E

T

j � 1

�

Y

T

j

�

+ "

j

:= Y

T

j

�

�

M

T

j

� M

T

j � 1

�

; j = 1 ; :::; J : (4.3)

On a giv en tra jectory X w e consider for eac h j; j = 1 ; :::; J ; indep enden t copies

l

�

j

=

E

T

j � 1

�

Y

T

j

�

+

l

"

j

; l = 1 ; :::; L; of (4.3) under the (regular) conditional measure P

X

T

j � 1

;

and de�ne the (path wise) un biased estimator

s

( L )

j

:=

1

L

L

X

l =1

l

�

j

(4.4)
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for E

T

j � 1

�

Y

T

j

�

: It th us holds,

E

T

J

h

s

( L )

j

i

= E

T

j � 1

�

Y

T

j

�

; V ar

T

J

h

s

( L )

j

i

=

1

L

V ar

T

j � 1

[ "

j

] ; E

T

j � 1

[ "

j

] = 0 :

Naturally w e next consider the (path wise) estimator

U

( L )

:= max

0 � i � J

0

@

H

T

i

�

i

X

j =1

�

Y

T

j

� s

( L )

j

�

1

A

;

and, based on N indep enden t copies

n

U

( L )

; 1 � n � N ; the estimator

b

Y

up

N ;L

( M ) :=

1

N

N

X

n =1

n

U

( L )

: (4.5)

Note that

b

Y

up

N ;L

(0) is the estimator in tro duced in the primal-dual algorithm of Andersen

and Broadie (2004). So

b

Y

up

N ;L

( M ) ma y b e considered a v ariance reduced v ersion of this

algorithm with con trol v ariate M .

Theorem 4.1. It holds that

Y

up

( M ) � E

h

b

Y

up

N ;L

( M )

i

� Y

up

( M ) + min

0

@

E [ "

sum

] ;

v

u

u

t

J

L

J

X

j =1

E

h

"

2

j

i

1

A

= Y

up

( M ) + min

 

E [ "

sum

] ;

r

J

L

E

h

�

M

T

J

� M

T

J

�

2

i

!

;

wher e "

sum

:=

P

J

j =1

( "

j

)

+

.

In p articular, the estimator

b

Y

up

N ;L

( M ) is biase d up.

Pr o of. T o pro v e the �rst inequalit y w e note that

E

h

b

Y

up

N ;L

( M )

i

= E

h

E

T

J

h

U

( L )

ii

� E

2

4

max

0 � i � J

E

T

J

2

4

H

T

i

�

i

X

j =1

�

Y

T

j

� s

( L )

j

�

3

5

3

5

= E

2

4

max

0 � i � J

0

@

H

T

i

�

i

X

j =1

�

Y

T

j

� E

T

j � 1

Y

j

�

1

A

3

5

= Y

up

( M ) :

F or the second inequalit y , let us write using (4.3) and (4.4),

E

T

J

h

U

( L )

i

= E

T

J

2

4

max

0 � i � J

0

@

H

T

i

�

i

X

j =1

�

Y

T

j

� s

( L )

j

�

1

A

3

5

� max

0 � i � J

0

@

H

T

i

�

i

X

j =1

�

Y

T

j

� E

T

j � 1

[ Y

j

]

�

1

A

+

J

X

j =1

E

T

j � 1

�

s

( L )

j

� E

T

j � 1

[ Y

j

]

�

+

= max

0 � i � J

0

@

H

T

i

�

i

X

j =1

�

Y

T

j

� E

T

j � 1

[ Y

j

]

�

1

A

+

J

X

j =1

E

T

j � 1

2

4

 

1

L

L

X

l =1

l

"

j

!

+

3

5

:
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It then follo ws that

E

h

b

Y

up

N ;L

( M )

i

� Y

up

( M ) +

J

X

j =1

E

2

4

 

1

L

L

X

l =1

l

"

j

!

+

3

5

=: Y

up

( M ) + ( � ) :

So w e ha v e on the one hand, b y con v exit y of the ()

+

op erator,

( � ) �

J

X

j =1

E

�

( "

j

)

+

�

= E [ "

sum

] :

On the other hand, b y resp ectiv ely Cauc h y-Sc h w artz and Jensen's inequalit y , w e ha v e

( � )

2

� J

J

X

j =1

8

<

:

E

2

4

 

1

L

L

X

l =1

l

"

j

!

+

3

5

9

=

;

2

� J

J

X

j =1

E

2

4

 

1

L

L

X

l =1

l

"

j

!

2

3

5

=

J

L

J

X

j =1

E

h

( "

j

)

2

i

:

The last equalit y follo ws b y a telescoping sum using E

h

"

2

j

i

=

E

�

( M

T

j

� M

T

j

)

2

� ( M

T

j � 1

� M

T

j � 1

)

2

�

:

According to Theorem 4.1 the bias of the estimators (4.5) and (4.2) are commonly b ounded

b y E [ "

sum

] when w e tak e M =

c

M

�

. F urthermore,

E

b

Y

up

N ;L

( M ) # Y

up

( M ) ; if

�

L ! 1 or M

T

J

L

2

! M

T

J

�

:

V ariance reduced consumption based estimator

When Y is a lo w er appro ximation for the Snell en v elop e Belomestn y and Milstein (2006)

deriv ed the follo wing alternativ e upp er b ound estimator via the notion of consumption

pro cesses

Y

up;B M

:= Y

0

+

J � 1

X

j =0

�

max f H

T

j

; E

T

j

Y

T

j +1

g � Y

T

j

�

= E

�

H

T

J

�

+

J � 1

X

j =0

E

h

�

H

T

j

� E

T

j

Y

T

j +1

�

+

i

=: C

E

+ C

up

;

where C

E

is the v alue of a Europ ean claim and C

up

is called a consumption term. The

estimation of conditional exp ectations can b e done b y standard Mon te Carlo. In the same

w a y as ab o v e for the primal-dual estimator, w e obtain a v ariance reduced estimator for

9



the consumption term,

b

C

up

N ;L

:=

1

N

N

X

n =1

J � 1

X

j =0

�

n

H

T

j

�

n

s

( L )

j

�

+

=

1

N

N

X

n =1

J � 1

X

j =0

 

n

H

T

j

�

1

L

L

X

l =1

n

�

( l )

j

!

+

based on a sample of indep enden t outer tra jectories

n

X ; n = 1 ; :::; N ; and L indep enden t

realizations

n

�

( l )

j

; l = 1 ; :::; L; of �

j

giv en b y (4.3) on eac h tra jectory

n

X : Ob viously w e

ha v e

E

h

b

C

up;B M

N ;L

i

= E

2

4

J � 1

X

j =0

E

T

J

2

4

 

1

H

T

j

�

1

L

L

X

l =1

1

�

( l )

j

!

+

3

5

3

5

(4.6)

= E

2

4

J � 1

X

j =0

E

T

j

2

4

 

1

H

T

j

�

1

L

L

X

l =1

1

�

( l )

j

!

+

3

5

3

5

� E

2

4

J � 1

X

j =0

�

H

T

j

� E

T

j

�

Y

T

j +1

��

+

3

5

b y the con v exit y of the ()

+

op erator. Hence the (v ariance reduced) estimator (4.6) is

biased up. In the spirit of Theorem 4.1 one can sho w for this kind of upp er b ound also

that

C

E

+ E

h

b

C

up

N ;L

i

# Y

up;B M

; L ! 1 or

�

M

T

j

L

2

! M

T

j

; j = 1 ; :::; J

�

:

R emark 4.2 . The martingale estimator can also b e applied to reduce the v ariance when

estimating inner conditional exp ectations in the p olicy impro v emen t pro cedure of Kolo dk o

and Sc ho enmak ers (2006). This lo oks promising in particular in com bination with the

v ariance reduction for the outer sim ulation suggested in Bender et al. (2006).

5 Connection with hedge con trols (deltas)

Let us no w supp ose that X in (2.1) is a system of tradable securities with D � D (not

more Bro wnian motions than securities) and that the n umeraire N is tradable also. As N

should b e p ositiv e, w e additionaly assume that its dynamics are giv en b y

d N

t

N

t

= �

N

( t; X

t

) dt + �

N

( t; X

t

) dW

t

; N

0

= 1 ;

for some smo oth and b ounded scalar function �

N

( � ; � ) and ro w v ector function �

N

( � ; � ) :

Th us, b y assumption, X= N is a martingale under Q: W e moreo v er assume some extra

structural assumptions on the co e�cien t functions a; b; �

N

; and �

N

, suc h that the system

( X ; N ) constitutes a complete mark et (see, Sc ho enmak ers (2005)).

In the case of a complete mark et there is a direct connection b et w een the pro cess Z in

(2.6) and the hedge co e�cien ts for replication of the Europ ean claim with discoun ted pa y-

o� Y

T

j

in the in terv al [ T

j � 1

; T

j

] : Let us assume that Y

T

j

is a function of X

T

j

: Then, b y

10



completeness, the claim with pa y-o� N

T

j

Y

T

j

can b e p erfectly hedged b y a self-�nancing

p ortfolio ( #; � ; X ; N ) with co e�cien ts #; � b eing functions ( t; X ; N ) : The i -th comp onen t

of the D -dimensional ro w v ector function # ( t; X ; N ) denotes the n um b er of shares to hold

in X

i

and � ( t; X ; N ) the amoun t of units to carry in N ; for realizing a p erfect dynamic

hedge in a self-�nancing w a y . W e th us ha v e

N

T

j

Y

T

j

= N

T

j � 1

E

T

j � 1

Y

T

j

+

Z

T

j

T

j � 1

# ( t; X

t

; N ) dX

t

+

Z

T

j

T

j � 1

� ( t; X

t

; N ) d N

t

:

By a standard lemma connected with It^ o's form ula (see Sc ho enmak ers (2005)), it then

follo ws that

Y

T

j

= E

T

j � 1

Y

T

j

+

R

T

j

T

j � 1

# ( t; X ; N ) d ( N

� 1

t

X

t

) (5.1)

= E

T

j � 1

Y

T

j

+

R

T

j

T

j � 1

N

� 1

t

# ( t; X

t

; N )( b ( t; X

t

) � X

t

�

N

( t; X

t

)) dW

t

:

W e note that the latter equation follo ws easily from It^ o's lemma using the fact that N

� 1

X

is a martingale. F rom (2.6) and (5.1) w e conclude that

N

� 1

t

# ( t; X

t

; N )( b ( t; X

t

) � X

t

�

N

( t; X

t

)) = Z

t

=: z ( t; X

t

) : (5.2)

So, after estimating the function z ( � ; � ) b y an indep enden t regression pro cedure w e ma y

determine the hedge co e�cien ts # ( � ; � ; � ) (usually called \deltas") from (5.2). F or example,

if D = D and the matrix b is in v ertible, completeness implies that also b � x�

N

is in v ertible,

so then the hedge co e�cien ts are unique and follo w from

# ( t; x; n ) = n

@

@ x

E

t;x

Y

T

j

= n z ( t; x )( b ( t; x ) � x�

N

( t; x ))

� 1

:

R emark 5.1 . The setup in this section co v ers the situation of a standard Lib or (mark et)

mo del, where X is a system of zero b onds de�ning the Lib or rates, and the n umeraire is

tak en to b e the sp ot Lib or measure or the terminal b ond measure for instance. F or details

see Glasserman (2003) and Sc ho enmak ers (2005).

6 Numerical example

In our implemen tation study w e �rst construct a family of stopping rules �

j

: 
 !

f T

j

; : : : ; T

J

g b y the Longsta�-Sc h w artz metho d. This basically b oils do wn to c ho osing

a basis ( �

k

( t; x ) ; k = 1 ; : : : ; K ) and estimating v ectors of regression co e�cien ts ( �

l

2

R

K

; l = 0 ; : : : ; J ). Once f �

l

g are estimated, w e can de�ne

�

j

:= min f j � l � J : �

>

l

� ( T

l

; X

T

l

) � H

T

l

g

and

Y

T

j

:= E

T

j

H

�

j

; j = 1 ; : : : ; J :

W e stress that stopping rules f �

j

g are estimated only once and remain �xed thereafter.

Ha ving f Y

T

j

g at hand w e pro ceed generally as describ ed in Section 3. Since estimates

b

C

i

for con tin uation v alues C

i

:= E

t

i

Y

T

j +1

can b e easily obtained b y regression, w e, while

11



estimating Z

�

t

i

, subtract

b

C

i

from Y

T

j +1

. This leads to the follo wing equiv alen t de�nition

of Z

�

t

i

Z

�

t

i

:=

1

�

�

i

E

t

i

h

(�

�

W

i

)

>

( Y

T

j +1

�

b

C

i

)

i

; T

j

� t

i

< T

j +1

(6.1)

The subtraction of

b

C

i

diminishes the v ariance and impro v es the qualit y of

c

M

�

. Another

imp ortan t issue is the c hoice of partition � . Theoretically , a �ner partition implies b etter

qualit y of

c

M

�

. Ho w ev er, in practice, the partition � should not b e to o �ne in order to

a v oid a v ariance explosion. In our n umerical study w e ha v e ac hiev ed quite go o d results

b y using t w o di�eren t partitions � and ~� suc h that � � ~� . The �rst rougher partition is

used to estimate regression co e�cien ts �

t

i

b

�

t

i

= A

�

t

i

 

�

�

�

f

W

i

�

�

i

�

e

Y

T

j +1

!

; t

i

2 � ; T

j

� t

i

� T

j +1

:

Thereafter

b

�

t

i

are in terp olated b y a constan t for p oin ts in [ t

i

; t

i +1

], that is

b

�

t

=

b

�

t

i

for

all t 2 [ t

i

; t

i +1

] : In suc h a w a y one can de�ne bz

�

( t; x ) =  ( t; x )

b

�

t

for all p oin ts t 2 ~� and

construct, with a sligh t abuse of notation in the case � 6= ~ � ,

c

M

�

T

j

=

X

t 2 ~� ;0 � t<T

j

^z

�

( t; X

��

t

)(�

~�

W

t

) :

In all examples b elo w w e tak e as the �ner partition, ~ � = � � , i.e. the partition on whic h the

Euler sc heme is p erformed.

Berm udan max calls on D assets

This is a b enc hmark example studied in Glasserman (2003), Haugh and Kogan (2004) and

Rogers (2001) among others. Sp eci�cally , the mo del with D iden tical assets is considered

where eac h underlying has dividend yield � . The risk-neutral dynamic of assets is giv en

b y

dX

d

t

= ( r � � ) X

d

t

dt + � X

d

t

dW

d

t

; d = 1 ; :::; D;

where W

d

t

; k = 1 ; :::; D , are indep enden t one dimensional Bro wnian motions and r ; � ; �

are constan ts. A t an y time t 2 f T

0

; :::; T

J

g the holder of the option ma y exercise it and

receiv e the pa y o�

h ( X

t

) = (max ( X

1

t

; :::; X

D

t

) � � )

+

:

W e consider an example when T

j

= j T = J ; j = 0 ; :::; J , with T = 3 and J = 9. F or

estimating stopping rules f �

j

g w e use 5 � 10

4

paths and tak e as a regression basis all

p olynomials of order less than or equal to 3 plus the pa y o� function h . The Euler sc heme

w as p erformed on equidistan t partition �� with j �� j = 0 : 01. The same n um b er of paths and

the same basis functions ha v e b een used to estimate

b

�

t

i

; t

i

2 � , where � = f T

0

; : : : ; T

J

g .

No w, lo cal constan t in terp olation allo ws us to de�ne

b

�

t

and hence bz

�

( t; x ) for all t 2 �� .

Let us note that the complexit y of the algorithm with in terp olated

b

�

t

corresp onds in this

case to the complexit y of the usual Longsta�-Sc h w artz metho d b ecause regression is only

p erformed on the exercise grid. Moreo v er, matrices A

�

t

i

computed during constructing the

appro ximation Y can, in principle, b e used here again pro vided that the same paths are

used to estimate bz

�

( t; x ).
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The results for D = 2 and D = 5 are presen ted in T able 1 in dep endence on x

0

with

X

0

= ( X

1

0

; : : : ; X

D

0

)

T

, X

1

0

= ::: = X

D

0

= x

0

. Upp er b ounds

b

Y

up

N ;L

(0) are computed b y

primal-dual algorithm, hence b y nested Mon te Carlo, with N outer and L inner sim u-

lations without v ariance reduction (see for comparison Glasserman (2003)). As w e see

the standard primal-dual metho d requires in some cases more than 40 inner sim ulations

to ac hiev e the accuracy of the non-nested estimator. In fact, the latter one is regarding

computation time comparable with the primal-dual using one inner sim ulation.

It is in teresting to lo ok at the dep endence of the di�erence � :=

b

Y

up

(

c

M

�

) � Y

0

on the

n um b er of Mon te Carlo paths N and the maximal order of regression p olynomials p used

for estimating co e�cien ts � . In Fig.1 the corresp onding curv es for the t w o dimensional

out of the money ( x

0

= 90) Berm udan max call with the same parameters as b efore are

presen ted. Note that the set of p olynomial basis function is alw a ys extended b y adding the

pa y-o� function h . Fig. 1 indicates that the less N is the less impro v emen t is observ able

with increasing p .

Let us turn no w to the p erformance of our metho d in the setup of v ariance reduction.

W e compare upp er b ounds of the nested Mon te Carlo estimator (primal-dual) with and

without using con trol v ariates. In Fig. 2 the upp er b ound

b

Y

up

N ;L

( M ) is sho wn as a function

of L for the cases of the zero martingale M = 0 (original primal-dual metho d) and M =

c

M

�

as estimated b efore. Again the example of 2-dimensional Berm udan max call with x

0

= 90

is considered and co e�cien ts f �

t

i

g are estimated using 5 � 10

4

Mon te Carlo sim ulations

and all p olynomials of order less than or equal to 3. Comparing Fig. 2 with T able 1 w e

conclude that the accuracy of Y

up

( M ) �

b

Y

up

10

4

; 200

(0) is ac hiev ed b y the v ariance reduced

primal-dual estimator

b

Y

up

10

4

;L

(

c

M

�

) already with L = 90.

7 Conclusion

No w ada ys the primal-dual algorithm is lik ely to b e the most p opular algorithm to compute

Berm udan upp er b ounds, although its requiremen t for nested sim ulations do es mak e it

computationally extensiv e. In this pap er w e presen ted t w o alternativ es to this algorithm.

The �rst algorithm is fast, as it requires linear sim ulation cost only , and turns out to deliv er

go o d upp er b ounds. If nonetheless a higher accuracy is required, w e suggest a v ariance

reduced v ersion of the primal-dual algorithm whic h allo ws to compute upp er b ounds with

the same accuracy (as with the latter one) at lo w er costs.

13



A Pro of of Theorem 2.1

Fix some T

j

< T and consider t

i

; T

j

� t

i

< T

j +1

. Then, b y (2.6) and It^ o's isometry , w e

get for the d th comp onen t of Z

�

t

i

Z

� ;d

t

i

=

1

�

�

i

E

t

i

h

(�

�

W

d

i

)

�

Y

T

j +1

� E

T

j

[ Y

T

j +1

]

�

i

=

1

�

�

i

E

t

i

"

�

Z

t

i +1

t

i

dW

d

s

�

 

Z

T

j +1

T

j

Z

s

dW

s

!#

=

1

�

�

i

E

t

i

�

Z

t

i +1

t

i

Z

d

s

ds

�

(1.2)

It follo ws from (1.2) that without an y further assumptions,

lim

j � j! 0

E

2

4

X

t

i

2 � ;T

j

� t

i

<T

j

Z

t

i +1

t

i

j Z

s

� Z

�

t

i

j

2

ds

3

5

= 0 (1.3)

as noted e.g. in Lemor et al. (2006). Since, b y Do ob's inequalit y and It^ o's isometry ,

E

�

max

0 � j � J

j M

�

T

j

� M

T

j

j

2

�

� 4 E

�

j M

�

T

� M

T

j

2

�

= 4 E

2

4

J � 1

X

j =0

X

t

i

2 � ;T

j

� t

i

<T

j

Z

t

i +1

t

i

j Z

s

� Z

�

t

i

j

2

ds

3

5

; (1.4)

assertion (i) immediately follo ws.

W e no w pro v e (ii) and �rst consider the case Y

T

j

= u ( T

j

; X

T

j

). Note that, on [ T

j

; T

j +1

],

Z is the con trol part of the simple forw ard-bac kw ard SDE (FBSDE)

X

t

= X

T

j

+

Z

t

T

j

b ( s; X

s

) ds +

Z

t

T

j

b ( s; X

s

) dW

s

�

Y

t

= u ( T

j +1

; X

T

j +1

) �

Z

T

j +1

t

Z

t

dW

t

:

Due to the Lipsc hitz con tin uit y of u ( T

j +1

; � ) results on L

2

-regularit y obtained for the

con trol part of FBSDEs in more general situations b y Zhang (2004) and Bender and

Zhang (2006) can b e applied. In com bination with (1.2) these results imply that (1.3) can

b e strengthened to

E

2

4

X

t

i

2 � ;T

j

� t

i

<T

j

Z

t

i +1

t

i

j Z

s

� Z

�

t

i

j

2

ds

3

5

� C

j

j � j

for some constan t C

j

. Hence, (ii) follo ws in the case Y

T

j

= u ( T

j

; X

T

j

) with constan t

C =

P

j

C

j

thanks to (1.4).
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T o pro v e (ii) in the case Y

T

j

= u ( T

j

; X

��

T

j

), denote the martingale part in the Do ob decom-

p osition of

�

Y

T

j

= u ( T

j

; X

T

j

) b y

�

M . Moreo v er, de�ne

�

Z

�

t

i

:=

1

�

�

i

E

t

i

h

(�

�

W

i

)

>

u ( T

j

; X

T

j

)

i

; T

j

� t

i

< T

j +1

�

M

�

T

j

:=

X

t

i

2 � ;0 � t

i

<T

j

�

Z

�

t

i

(�

�

W

i

) :

Then,

E

�

max

0 � j � J

j M

�

T

j

� M

T

j

j

2

�

� 12 E

�

j M

�

T

�

�

M

�

T

j

2

+ j

�

M

T

�

�

M

�

T

j

2

+ j M

T

�

�

M

T

j

2

�

= 12[( I ) + ( I I ) + ( I I I )]

F rom the previous case, the second term is of order j � j . F rom the Lipsc hitz con tin uit y of

u ( T

j

; � ) w e get

( I I I ) = E

2

4

j

J

X

j =1

u ( T

j

; X

��

T

j

) � u ( T

j

; X

T

j

) � E

T

j � 1

[ u ( T

j

; X

��

T

j

) � u ( T

j

; X

T

j

)] j

2

3

5

� K

J

X

j =1

E

h

j X

��

T

j

� X

T

j

j

2

i

� K j �� j � K j � j

where the generic constan t K ma y di�er from application to application. T o estimate ( I ),

note that, for T

j

� t

i

< T

j +1

,

E

t

i

h

(�

�

W

i

)

>

( u ( T

j +1

; X

��

T

j +1

) � u ( T

j +1

; X

T

j +1

))

i

2

(�

�

i

)

� 1

= E

t

i

h

(�

�

W

i

)

>

( E

t

i +1

[ u ( T

j +1

; X

��

T

j +1

) � u ( T

j +1

; X

T

j +1

)]

� E

t

i

[ u ( T

j +1

; X

��

T

j +1

) � u ( T

j +1

; X

T

j +1

)])

i

2

(�

�

i

)

� 1

� E

t

i

h

E

t

i +1

[ u ( T

j +1

; X

��

T

j +1

) � u ( T

j +1

; X

T

j +1

)]

2

� E

t

i

[ u ( T

j +1

; X

��

T

j +1

) � u ( T

j +1

; X

T

j +1

)]

2

i

:

Th us,

( I ) =

J � 1

X

j =0

X

T

j

� t

i

<T

j +1

E

h

(�

�

W

i

)

>

( u ( T

j +1

; X

��

T

j +1

) � u ( T

j +1

; X

T

j +1

))

i

2

(�

�

i

)

� 1

�

J � 1

X

j =0

E

h

j u ( T

j +1

; X

��

T

j +1

) � u ( T

j +1

; X

T

j +1

) j

2

i

� K E [ j X

��

T

j +1

� X

T

j +1

j

2

] � K j �� j � K j � j :
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T able 1: Bounds (with 95% con�dence in terv als) for Berm udan max call with parameters

� = 100 ; r = 0 : 05, � = 0 : 2, � = 0 : 1 and di�eren t D and x

0

D x

0

Lo w er Bound Upp er Bound Upp er Bound Upp er Bound

Y

0

b

Y

up

(

c

M

�

)

b

Y

up

10

4

; 200

(0)

b

Y

up

10

4

; 40

(0)

90 7.9751 � 0.139 8.6963 � 0.052 8.2311 � 0.091 8.621 � 0.092

2 100 13.883 � 0.177 14.515 � 0.073 14.182 � 0.011 15.23 � 0.013

110 21.291 � 0.205 21.972 � 0.095 21.681 � 0.015 23.67 � 0.017

90 16.523 � 0.194 18.134 � 0.069 17.163 � 0.012 17.53 � 0.014

5 100 26.042 � 0.232 27.976 � 0.085 27.216 � 0.016 27.87 � 0.016

110 36.526 � 0.263 38.882 � 0.098 38.577 � 0.020 39.70 � 0.023

0 5000 10000 15000

0
1

2
3

4
5

N

D

p=1

p=2

p=3

Figure 1: Di�erence � =

b

Y

up

(

c

M

�

) � Y

0

in dep endence on the n um b er of Mon te Carlo

paths N and the maximal order p of p olynomials used for regression.
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Figure 2: Upp er b ounds

b

Y

up

N ;L

(0) (solid line) and

b

Y

up

N ;L

(

c

M

�

) (dash line) in dep endence on

the n um b er of inner Mon te Carlo paths L , the n um b er of outer paths N b eing equal to

5 � 10

4

.
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