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Abstract

We develop a systematic approach to Markovian projection onto an effective displaced dif-
fusion, and work out a set of computationally efficient formulas valid for a large class of non-
Markovian underlying processes. The generic derivation is followed by applications, including
the calculation of FX options in cross-currency models and swaption pricing in LIBOR Market
Models, where we are able to recover in an unambiguous way many known analytical approxi-
mations and derive several new ones.

1 Introduction

‘Markovian projection’ is a term introduced to the vocabulary of quantitative finance by Piter-
barg (2006a and references therein) in a series of works solving various appearances of the
problem of efficient analytical approximation to options with European exercise. The term
refers to a technique that is based on a theorem, proven by Gydngy (1986) and used in a nar-
rower context by Dupire (1997), which explains how a complicated non-Markovian process can
be replaced by a Markovian process with the same marginal distributions. Unfortunately, the
equivalent Markovian process is usually still too complicated to enable analytical progress and
needs to be approximated by a displaced diffusion which is a linear function of state, possibly
with time-dependent coefficients. The step of reduction to a displaced diffusion is an approxima-
tion that often invokes heuristic considerations and has not been developed into an unambiguous
technical procedure. The purpose of this paper is to state an analytical criterion for an optimal
displaced diffusion and derive a formulaic solution that can be uniformly applied to a large class
of problems.
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Generic result. We begin with a statement of the key result. Our task is to develop an
efficient approximation for European options, E[(S(T) — K)*]. It is usually possible to derive
an SDE for the underlying process S(t) in its equivalent martingale measure,

dS(t) = SoA(t)-dZ(t),  S(0) = So, (1)

where Z(t) is the standard F-dimensional Brownian motion and A(t) is an F-dimensional
stochastic process adapted to a suitable augmentation of the filtration generated by Z(t). The
notation f-g is used for a scalar product in the space of Brownian motion factors. The process
A(t) has a meaning of normalized volatility and is often available in a closed form. This form
however can be very complicated, generally resulting in a non-Markovian process S(t).

We are looking for the parameter functions o(t) and [(t) of an effective displaced diffusion
process S*(t) that obeys the SDE

dS™(t) = (S*(®)B(t) + (1 = 5(1))S™(0)) o (t)-dZ(t), ~ 5°(0) = So, (2)

and optimally approximates the marginals of S(¢). Assuming that an expansion in powers of

volatility is possible, we get the following leading behavior?,

o) = E[JA®)], 3)

sty = _EIAOPS® — 5] "
2B [[A)P]E[(S(t) - 50)]
Having found the effective displaced diffusion, we can invoke Piterbarg’s (2005a) formula for
skew averaging

T
Gy = I3 B@a@®)? [ lo(r)Pdrdt
- T
I lo@)2 [ lo(r)2drdt
and finally reduce the pricing of a European option with maturity 7" to a variant of the Black-
Scholes formula,

()

BI(S(T) - )] = Sav(as) - (5 + 20220 i), (6)
0 In (So/(K Br +%1 —fBr)) £ V/27 v /OT oo .

IThis is deduced from a more general result valid to all orders in volatility, which however is difficult to use in
practice since the calculation of expected values occurring in it gets very cumbersome beyond the leading order.



Separable volatility process. To give an example where all calculations can be completed
in a closed form, assume that we succeeded in casting the martingale measure SDE for the
underlying process S(t) in the form

dS =50 Xn(t)an(t)-dZ, (8)

where a,,(t) are deterministic vector functions with scalar components a, ,(t) (v = 1,...,F),
and X, () are stochastic processes obeying SDEs of the form

dXpn = pn (8, { Xk (2)})dt 4 on(t, { X (t)})-dZ(t). (9)

Each local volatility function oy, (¢, { X }) here has F' scalar components. The volatility compo-
nents oy, (t, { Xi}) and the drifts can, in general, depend on X,,(t), and on the values achieved by
the processes Xy (t) with k # n. Therefore, the processes X, (t) considered in isolation are not
necessarily Markovian, but taken together constitute a multi-dimensional (possibly infinitely
dimensional) Markov process. Under these conditions, we call the process S(t) a separable
volatility process.

We assume furthermore that the drift terms p,, are small in the sense that they are of the
second or higher order in volatilities?, p,, = O(0%), where o4 = max{cy, (¢, {Xk(t)}), anu(t)}.
We will show that, for a separable volatility process with small drifts (in the sense just described),
the expectations in Egs. (3) and (4) can be computed in the leading order, resulting in the
following explicit form suitable for immediate applications:

ZX )+ O(a2), (10)

; t)) Jo (on (7, {Xk(0)})-0(7)) dr )
Bt THECIT +0(0%). (11)
The rest of the paper is organized as follows. A derivation of the generic Egs. (3) and (4),
and more specific Egs. (10) and (11) in section 2 is followed by applications that show the
universality and robustness of the method. As a first example, in section 3, we consider the
projection onto a displaced diffusion of a generic process with local volatility.
Section 4 is devoted to applications for the pricing of FX options in cross-currency models.
In section 4.1, we reproduce Piterbarg’s (2005b) results for the model with Gaussian interest
rate components and a CEV process for the FX rate. We move on to the case of LIBOR Market
Models for interest rates in section 4.2, and obtain approximations for FX options which—to
our knowledge—were not derived before.

2A motivating case where this restriction for drifts is satisfied is offered by LIBOR Market Models where the basis
processes X,, are LIBOR rates, and the drifts picked up as a result of measure changes are quadratic in volatilities.



In section 5, we apply the method to the important problem of single-currency swaption
valuation in LIBOR Market Models and obtain a new formula which captures the effect of the
skew in a systematic way and offers an alternative to a more heuristic swap rate approximation
of Piterbarg (2005a).3

2 Derivation of the key formulas

Generic process. We proceed to the proof of Egs. (3) and (4) for the parameters of an
effective displaced diffusion. The technique is based on a theorem by Gyongy (1986) according
to which the Markovian process

dS*™(t) = Z(t, S™(£))dZ(t),  S*™(0) = So, (12)

has exactly the same marginal distributions as S(¢) provided the local volatility Z(t, x) satisfies
the equation

Et.) = E[SFA®2| S(t) = <] . (13)

For every fixed t, the conditional expectation in the right hand side can be characterized as a
function of state |Z(-, z)|> which minimizes the Lo distance from the true variance,

¥ = E[(SBIA®E - 2, 5@))°] — min. (14)

To obtain a tractable model, instead of minimizing the functional in Eq. (14) over the space of
all local volatility functions, we minimize it only over a subspace of affine linear functions of
state, expressible in the form

2(t,5(1) = (B@)S(#) + (1 = B(t))So)) o (t)- (15)

This corresponds to a minimization over 3(t) and o(t) of the function
o000 = B | (SIAOF - (0 + 50AS @) o0))’] (16)

for every fixed t. Here AS(t) = S(t) — Sp. Equating to zero the variations of x2(co(t), 3(t)) over
o(t) and ((t) gives a pair of equations,

SSE [(IA®)(So + BH)AS®))?] = |o@®)PE [(So + BHAS(1)], (17)

S3E [IA®)P(So + BH)AS1)ASH)] = |o()*E [(So+ BHASH)’AS®H)].  (18)

The averages of the form ' '
Ei;(t) = E [[A@)['AS(t)] (19)

3More recent, unpublished result of Piterbarg (2006b) agrees with ours in the case of one-factor LMM.

4



encountered in Egs. (17) and (18) are unconditional and can be efficiently computed using a
perturbation theory as we will show in a moment. Assuming that all necessary expectations
E; ;(t) are found with sufficient accuracy, one could solve Egs. (17) and (18) exactly. Dividing
one of the equations by another eliminates the unknown |o(¢)|? and leads to an algebraic equation
of 4th order for 5(t),

BY(F22Fo3 — E21FE0.4) + 32S0(3F02F22 — 2F21Fo 3 — E20Fo.4)
—3,6253E270E073 + ,BSS(EQQ — 3E270E072) + SgEQJ =0. (20)

(We used the martingale property Ep1(t) = E[S(t) — So] = 0 but kept all non-vanishing terms.)
Knowing (t), we can find |o(t)|? from any of the two equations or their linear combination.
One possible representation is

o2 SgE2 + BSEE21

= . 21
Sg + 3,@25'0E072 + 53E073 ( )

It is more practical, however, to use an expansion in volatilities. Keeping only the leading
terms constitutes a second technical approximation—the first and principal approximation being
the restriction to the subspace (15) of displaced diffusions. For that we need to examine the
order of the various averages E; ;(t).

The technique for the estimation of the leading order of the moments is developed in the
second part of this section for the case of a separable volatility process; the generic case requires
minor adaptations. The averages Fa(t) = E [|A(t)[*] and Eg2(t) = E [(S(t) — So)?] have the
highest quadratic order O(|A|?). Next are the averages Ea1(t), F22(t), Eos(t), and Eg4(t),
each of which is of the order O(|A[*). Keeping only the leading order terms, Eq. (20) reduces
to a linear equation with the solution,

. SOEQJ (t)
" 3Ea0(t)Eoa(t) — Eaa(t)

Noting that the difference between Es2(t) and the product Es(t)FEp2(t) is of an order higher
than O(|A[*), we can further simplify this expression to the result (4) for the effective skew (3(t)
stated in the introduction. The leading order behavior (3) for the effective volatility o(t) is a
simple consequence of Eq. (21).

A(t) (22)

Separable volatility process. We turn to the specific case when the volatility A(¢) has a
form consistent with Eq. (8),

A(t) - Z an(t)Xn(t)v (23)
where X,,’s satisfy the SDE (9),

dX, = /'Ln(ta {Xk (t)})dt + Un(t7 {Xk(t)})dz(t)7



with the accompanying condition on the smallness of the drifts, u,(t) = O(0?), discussed in the
introduction. (Note that a,(t) = O(o4), by definition of the characteristic scale o4.) Applying
Ito’s lemma to the product process X, ()X, (t),

d(-XnXm) = (Xnﬂm + Xmﬂn + Un‘am)dt + (Xnam + Xman)'dZ7 (24)
we observe that the drift of X,,(t)X,,(t) is also of the order O(0?); therefore
B [Xn(t)Xin(t)] = Xu(0)Xm(0) + O(}). (25)
The leading order of the average Es(t) = E[|A(t)|?] follows,
2
Eaolt) = 3 (an(t)an(®)E [Xa () Xn(0)] = > an()Xau(0)| +0(h).  (26)

This leads to Eq. (10) as one possible solution for the effective volatility o(¢). All other solutions
are related by orthogonal rotations in the factor space and lead to the same final answers for
option prices.

We introduce the notation

A(t) = Z an(t) X7 (0) (27)
for the volatility A(¢) computed with frozen values of the processes X, (¢t). Then
Eao(t) = [A®)* + O(0%). (28)

The leading order of the other averages cannot be directly found with a replacement of the
processes by their initial values because the result would vanish. A general strategy is to use
Ito’s lemma to take consecutive differentials of the processes appearing under the expectation
sign until the replacement by the initial values becomes possible. For example, for Epo(t) =
E[(S(t) — So)?] we have

d(AS(t)%) = 2SoAS(t)A(t)-dZ(t) + S2|A(t)|*dt. (29)
Taking the expectations, we obtain an ODE
dE[AS(t)] = STE[|A(t)[dt, (30)

which can be expressed as
dEoa(t) = S3E2p(t)dt, (31)

and easily solved in the leading order,
¢
E[AS(t)?] = Sg/ |A(7)|%dr + O(ai). (32)
0
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Similarly, applying Ito’s lemma to AS(t)*, we get a generalization of Eq. (31),
1
dEox(t) = Sk(k — 1)S8 Es o (t)dt, (33)

which shows that Ep3(t) is of the same order as Es(t) while Ep4(t) is of the same order as
Esa(t).
We now turn to the calculation of the leading behavior of the average Es (%),

Ex(t) = E[|A(s)PASH)] = > (an(t)-am () E[AS () Xn(t) Xin(t)] - (34)

n,m

We want to compute the average E[AS(t)X,,(t) X, (t)] with the accuracy up to quadratic terms.
Applying Ito’s lemma to the product AS(t) X, ()X, (t), we get

d(AS X, X)) = SoXp XinA-dZ + AS d( X, Xon) + (dAS, d(Xn X)) (35)
Next, we substitute Eq. (24) and take the average to obtain
dE [ASX, X, = E[AS(Xppim + Xmtin + 0n-om)] dt + SoE [(A(t)(Xnom + Xmon)| dt.  (36)

The first term in the right hand side gives a contribution of the order O(Ui) and the second gives
the leading quadratic contribution which can be computed with frozen processes X, (t) — X, (0),
so that

dE [As(t)Xn(t)Xm(t)] = SO/_\(t) (Xn(o)gm(tv {Xk(o)}) + Xm(o)an(tv {Xk(o)})) dt + O(Ui)

Solving this ODE and substituting into Eq. (34), we finally get 0
By (t) =250 Y (A(t)-an(t)) /Ot(l_\(T)'Un(T, {X4(0)})dr + O(c). (38)
Similar manipulations can be used to prove that
Ea(t) = Eao(t)Eoa(t) + O(o}) = [A(t)] /Ot [A(T)[Pdr + O(a%). (39)

Egs. (38), (39), and (22) lead to Eq. (11), which completes the derivation of the effective
displaced diffusion for the separable volatility process.

3 Projection for a Markovian process

As a warm-up before proceeding to non-trivial applications, it is instructive to see how the
generic formulas for Markovian projection onto a displaced diffusion work in the case of a
Markovian underlying process,

dS(t) = SoA(t, S(t))-dZ(t). (40)
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Here, the local volatility function is apparently not in a separable form (23), but it can be
represented in such a form by expanding around Sg,

A(tv S(t)) = Z an(t)Xn(t)a (41)

n=0
with 1 9"A(t, )
an(t) = e ens () = (5() = S0) (42)
By Ito’s lemma,
dX,(t) = nSoXn_1(t)A(t, S(t))-dZ(t) + %n(n —1)S2 X, o(t)|A(t, S(t))|dt. (43)
We identify the local volatilities,
on(t, {Xk}) = nXn_1(t)A(t, So + X1 (1)), (44)

and observe that the drift term is quadratic in the volatilities. Therefore, the conditions for the
validity of the formulas (10) and (11) are satisfied. With the initial values Xy(0) = 1, X,,(0) =0
for n # 0, all frozen volatilities o, (¢, {Xx(0)}) with n # 1 vanish, and

o1(t, { Xk (0)}) = A(t, So). (45)

The parameters of the effective displaced diffusion are

o(t) = ao(t)Xo(0) = A(t, So), (46)
DA(L,S)
Bt) = (a1 (£)-A(t, S0) Jy |A(T, So)Pdr _ < 55 )S:SOIA(t’SO)) (47)
|A(t, So)? fy |A(r, So)|?dr [A(t, So) P ’

which is the result we should expect from the heuristic considerations of linearized local volatility,
as argued by Piterbarg (2005a). According to Gyongy’s theorem, an equivalent local volatility
(in the sense of one-dimensional marginals) always exists, but finding it is a difficult computa-
tional task. Our results (3), (4), (10), and (11) generalize the notion of linearized local volatility
and show how to obtain its position and slope starting directly from stochastic volatility.

4 FX option in cross-currency models

In this section, we apply the techniques developed in section 2 to the problem of efficient
analytical approximations for European FX options in cross-currency models. We first consider



a setup with Gaussian interest rate single-currency models (such as Hull-White models or 1-
factor HIM), and then a setup with LIBOR Market Models for single-currency interest rates.
In both cases, a skew process (which can be either CEV or displaced diffusion) is assumed for
the spot FX rate X(¢). We work in T-forward measure, having as a numeraire the domestic
bond P(t,T). The foreign bond is denoted P(t,T). (We systematically use the tilde for foreign-
currency quantities.) In T-forward measure, the forward FX rate process

X(t)P(t,T)

F(t,T)= 48
is a martingale, and the price reduces to a discounted expectation,
P(0,T)Er [(F(T,T) - K)*]. (49)

4.1 Gaussian interest rate models with FX skew

Piterbarg (2005b) sets up the following cross-currency model with FX skew in the domestic
risk-neutral measure,

dP(t,T)/Pt,T) = r(t)dt—o(t,T)-dZ(t) (50)
dP(t,T)/P(t,T) = (7(t)+&(t, T)~(t, X (t))dt — &(t,T)-dZ(t) (51)
dX(t)/X(t) (t) — 7(t))dt +~v(t, X (t))-dZ(t). (52)

r

—~

All the processes here are driven by the same standard F-dimensional Brownian motion, and
we continue to assume that the volatilities are also F-dimensional. Thus, in our notations, rate
correlations do not appear explicitly, but are contained in the scalar products of volatilities,
such as &(t,T)y(t,X(t)). The volatilities o(t,T) and &(¢,T) are deterministic*, and for the
v(t, X) the following form is assumed,

1(t2) = v(t) (m)() , (53)

where v(t), L(t) and a(t) are deterministic functions. The function v(¢) has F' components.
The SDE for the forward FX rate F(¢,7T) in T-forward measure reads

dF(t,T) = F(t,T) (o(t,T) — 5(t,T) + 7(t, X (t))) -dZ(t). (54)

To apply the formulas (10) and (11), we need to express the volatility as a linear combination of
processes whose drift is of second order or higher in volatilities. The FX rate process X (t) itself

4We included a negative sign in the definition of the volatilities to make the final answers consistent with those of
section 4.2 where the model is defined in terms of LIBOR rates as opposed to bond prices.



is not a good candidate to be a part of such an expansion because it has a large drift expected
value which is related to the forward curve F'(0,t). We isolate this dominant drift in the FX
rate by introducing a process

R(t) = X (t)/F(0,t). (55)
The process R(t) satisfies the following SDE,

dR(t) = pur(t)dt + R(t)y(t, ROF(0,4))-dZ(t),  R(0) =1, (56)

where ug(t) is quadratic in volatilities. We also normalize the forward rate process by defining

S(t)=F(t,T)/F(0,T). (57)
Using the homogeneity of v(t,z) in x, we can write the SDE for S(t¢) in the following form,
as(t) = (S(0(o(1.T) ~ 5(1.7)) + SERH™O (. F(0.1))) dZ(1). (58)
We now use an expansion
ah)-1 _ (a)-Dn k@) _ N~ RE)"(a(t) —1)"
R(t)*®~1 = elal®)=1) ()_Z% m , (59)

and finally arrive at a desired representation of the volatility of the process S(t) in the form
S0 o an(t) Xy (t) with

Xn(t) = S(t)(InR(t))", (60)
ao(t) = o (t,T) — (¢, T) + (¢, F(0, 1)), (61)
an(t) = (a(t)nl_l)nfy(t,F(O,t)), n> 1. (62)

Similar to the example of the previous section, in a straightforward application of Ito’s
lemma, almost all frozen volatilities oy, (t, { X;(0}) vanish,

UO(t7 {Xk(o}) = G(t7 T) - 5(t7 T) + 7(t7 F(Ov T))’ (63)
g1 (t’ {Xk(o}) = ’y(tv F(O’ T))’ (64)
Gt {X0(0}) = 0, n>2. (65)

We are now in a position to use formulas (10) and (11) for the volatility and skew of the
effective displaced diffusion,

o(t)=0o(t,T)—ac(t,T)+~(t, F(0,1)), (66)
) =1 - L 2R 0ot o
fo lo(7)|2dT

This agrees with the result of Piterbarg (2005b).
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4.2 Cross-currency LMM model

Following a standard setup of LIBOR Market Models, we assume a common set of maturities
0="Ty <1 <...< Ty for both single-currency rate LMM components and define domestic
and foreign LIBOR rates, L, (t) and f/n(t), as forward rates starting at T}, and ending at T}, 1.
In terms of T-maturity zero-coupon bonds, P(t,T) and P(t,T), the LIBOR rates are given by

1 ( PT,) - 1 [ P(t,Ty)
Lo=5 (Famoy-t):  bo-g (PosT) 1)’ o

where 9, is the daycount fraction from 7, to Tj,41.
An important part in the analytics will be played by bond ratios,

R.(t) = m =146, Ln(t),
P, _ N(t>Tn) - T
R,(t) = 7]3@7%“) =140, Ly(2). (69)

We specify the dynamics directly in terms of the bond ratios. In the martingale measure of
each LIBOR,

ARa(t) = (Bult)Ra(t) + (1~ 5u(0) Ra(0))on (1) AZn), (70)
an(t) = (ﬂn(t)Rn(t) + (1 - ﬁn(t))Rn(0))5n(t)'dZn(t)' (71)

We take for the numeraire in the domestic currency the rolling spot account, corresponding
to Jamshidian’s (1997) spot-LIBOR measure,

1 1 P(t, Tn+1)
N(t) = for T, <t <Tpi1, 72
®) P(To,T1)  P(Ty_1,Tn) P(Ty, Try1) i (72)

and set the volatility of the short bond P(¢,7),+1) equal to 0. As was shown by Schlégl (2002),
this numeraire is equivalent to the continuously compounded savings account in the sense that
they lead to the same measure. The foreign-currency numeraire N (t) is chosen similarly.

The FX dynamics linking the single-currency models into a cross-currency model are defined
by postulating a process of the numeraire-discounted asset Y (¢) related to the foreign exchange
rate X (t) by

Y(t) = W (73)
with Y(0) = X (0) = Yy. We set
dY (t) = Y (t)y(t, Y (t))-dZ(t) (74)
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in the spot-LIBOR measure with F-component local volatility «(¢,xz). In accordance with
section 4.1, we assume the following functional form for the volatility,

a(t)—1
v =ov (40 ) (75)
0

with deterministic functions oy (t) and «(t)—where again oy (t) has F' components. We chose
here a slightly different approach, specifying the dynamics for the natural martingale Y (¢)
instead of the FX rate X (t), so that we do not need to eliminate the drift.

The forward FX rate process can be expressed in terms of the bond ratios, R, (t) and R, (t),
and the process Y (t),

PIT) ) TT ra ), (76)

where n(t) = n+1 for T,, < t < T,41. The SDE for the martingale S(t) = F(¢,7)/F(0,T)
reads

dS(t) = A(t)-dZ(t), S(0) =1, (77)
with

_ - Jn(t)>- (78)

We can deal with the pure local volatility term S(t)y(¢,Y (t)) as we did in section 4.1,
representing it as a series,

(Y(t))“‘”‘l _ o WY (/%) (at) ~1)" 79)
n=0

Yo n! ’

or, alternatively, we could invoke the result of section 3. Applying formulas (10) and (11), we

finally get
M—1

o(t)= > (on(t) = 6n(t) + ov(t), (80)

n=n(t)
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- a<t>><ay<t> 1) foloy(r)-o(r))dr

B(t) = 0P fo ‘U \dr
M-1
(1= Bl (0n(D)0 (1)) [ (on(r) o (r))dr
B n=n(t)
(t)]2 [y lo(r)|2dr
M-—1
" (1= Bu(®)(Gn(t)-(t) Jo(Gn(r)0o(r))dT
n=n
! OF [T lo(r) Pdr / s

where we substituted oy (t) for v(t, Yp).

A particular case of this result with a(t) = 1 was derived, and numerically checked, by
Antonov and Misirpashaev (2006). It is worth mentioning that the same parameters for effective
displaced diffusion of the forward FX rate would be obtained if we started with an effective
displaced diffusion for the process Y (t),

4y (t) = (Y (H)alt) + Yo(1 — at)))oy (£)-dZ(2). (82)

5 Single-currency swaption valuation in LMM

Now we apply the method to the problem of single-currency swaption valuation in LIBOR
Market Models. We want to obtain a new formula which captures the effect of the skew in a
systematic way. We begin with a discussion of generic functionals of displaced diffusions.

5.1 Functionals of displaced diffusions

Let L,, be a set of processes such that

dL, = ,U'n(t)dt + (5n(t)Ln + (1 - /Bn(t))ln)gn<t)'dz(t)a Ln(0> - l, (83)

where 3, (t) are scalar deterministic functions, o,,(t) are F-component deterministic functions,
and the drifts are of second or higher order in volatilities, y,(t) = O(02) with oy = max({o,,(¢)}).
Let S(L1,...,Ly) be a function that does not depend on time explicitly. Assume that the mea-
sure is such that S(¢) considered as a process is a martingale and denote S(li,...,Ix) = Sp.
We apply the technique of Markovian projection to find the effective displaced diffusion that
optimally approximates univariate marginals of the process S(¢). An immediate application of
this result to European swaption pricing is considered in section 5.2. (We will take L, to be
LIBOR rates and S the swap rate.)
We have a driftless SDE for the process S(t) in its martingale measure,

dS(t) = SoA(t)-dZ(t), (84)

13



with

= 5 X (0O~ b7+ onOb g (55)

In the right hand side, we recognize the desired sum of the form ), a,(t)X,(t) with two types
of terms, which we distinguish using odd and even indexes,

Ly, —1, 0S
azn+1(t) = Bu(t)on(t), Xont1(t) = So Tan (86)
l, 08
aon(t) = op(t), Xon(t) = S0 oL, (87)
Diffusion terms frozen at the starting values of the processes X,,(t) are easily found,
1
AXomir (8) = 9501 o (1)d2(t) + O(62), (88)
So Oly,
We are ready to apply formulas (10) and (11). The result can be represented in the form
. ln 850 ln S()
B zn: So 8ln d(Inl,) (90)
Ao (t)|? O(In S
2on <%a|(lr(ll)n‘) + 6((1nl0) (|0'( )|2 (1= Bn(t))(a( )) [5(on(r)-o(r))dr
at) = -(91)
(t)]? fO lo (T |2d7'

We also write down the final result for the maturity-dependent effective skew (1 averaged
using Piterbarg’s formula (5) for the case of time-independent shifts 3, (¢) = [, in the processes
L, (1),

9%(In S 9(In S
> nm 3 z,f)a(li)zm)fnlm -2 a((m z:)) (1-Bn)I3

BTZl"" V2 ’

(92)
where
T T
I, = / (on(r)-o(r))dr, V = / lo(7)|?dr. (93)
0 0
We now examine a few simple special cases.

Log-normal processes. The case of log-normal processes L,, corresponds to 8, = 1. The
formula for the effective skew simplifies to

) (%%‘?ﬁfi + lo(t)?) fy(o(r)on(r))dr

(B)[2 Jo lo(r)|2dr

Bt) = (94)
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Product processes. The effective skew for the product S = [],, L, of processes which are
not necessarily log-normal is given by

(L= Bu(®)(0(t)-0n(t)) fy(o(r)-00(7))dr
o ()2 [y lo(7)|2dr
The averaged skew in the case of time-independent shift 3, (t) = (3, is given by the formula

Bt =1- (95)

pr=1-

Linear combination of processes. In the case of a linear combination process S =
>, @n Ly, the result simplifies to

> ()l (0(t)-0n (1)) fo (o(r)-on(7))dr
(&) fy lo(r)2dr

If all the processes L,, are normal so that all shifts (3, = 0, the linear combination is obviously

Bt) = (97)

also a normal process.

5.2 Swap rate projected onto a displaced diffusion

We use the LMM setup of section 4.2, restricting our attention to the domestic interest rate
model. Swap rate S(¢) with first fixing at Tp and last payment at T can be written as

S(t) _ P(thB) — P(taTE) (98)

E
> 01 P(t,Th)
i=B41

A payer swaption price with a fixed rate K and exercise T' < T is expressed via an expectation
in the martingale measure for the process S(t),

E
Swaption(T, K) = E[(S(T) = K)*] Y 6 1P, (99)
i=B+1
where we introduced a notation for bond values at the origin P; = P(0,7j).
To apply formulas (90) and (91) to the swaption pricing, it is sufficient to calculate the
derivatives 9(InSp)/d(Inl,) and 9?(In Sy)/d(Inl,)d(Inl,y,), taking for Sy the swap rate (98)
expressed as a function of the initial LIBOR values I, = L, (0),

E—-1
IT@+6L)—1
So= —=F——— . (100)
Z 5@'71 H (1 + 5jlj)
t=B+1 Jj=t
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The effective volatility (90) first derived by Andersen and Andreasen (2000) is now standard
and is cited in many sources, most of which restrict the calculation of swaptions to a purely
log-normal approximation. The formula (91) for the effective skew is new. Piterbarg (2005a)
introduced a swap rate approximation with a skew

20 Bn(t)(on(t)-0(t)) (101)

0= E - Blr

which is different from our result because it does not include the convexity of the swap rate
contained in the second derivatives over the LIBOR rates. Note, however, that a more recent,
unpublished result of Piterbarg (2006b) agrees with ours in the case of one-factor LMM.

A new swaption formula. We conclude this section by listing explicit formulas for the
derivatives of the swap rate and the final pricing formula for the European payer swaption in the
case of a log-normal LIBOR Model. Andersen and Andreasen (2000) gave a compact expression
for the first derivative in terms of the bonds at the origin,

E
i1 P;
8(11150) . Pn — Pn+1 PE + i:%—l ! (102)
o(nl,) P, Prn—P E ’
(i) Bt > 0i—1 P
i=B+1

which allows for an efficient computation of the effective volatility

d(In So
8 Inli,) (103)
The second derivative is only slightly more cumbersome,
82(111 So) _ PnJrl 8(111 So) _ (Pn — Pn+1)(Pm — Pm+1)
O(Inl,)0(Inly,) "= p, o(Inly,) P, P,
min(m,n) E
pop > 0B > dj-1P;
BLE i=S+1 j=max(m,n)+1
104
(Pp — Pg)? * e 2 (104
>, 0iab
i=B+1

Setting £, = 1 in Eq. (92), we find the effective maturity-dependent skew of the swap rate
in the case of a purely log-normal LIBOR market model,

5?2 lnS T
S s s Jo (on(7)-0(1))dr [ (om(T)-0(7))dr

(fo lo(T ]2d7)
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Br=1+



Using Egs. (99) and (6), we obtain a new formula for the price of a payer European swaption
with maturity T and strike K,

= E
Swaption(T, K) = <§;/\/’(d+) — <K + SO(I—_/BT)) N(d)) Z di—1b;, (106)

Br i=B+1

where di and V are defined by Eq. (7). Numerical comparison of Eq. (106) against other
alternatives will be presented elsewhere.

6 Conclusions and future directions

We developed a regular technique for projecting a general stochastic volatility process onto
a displaced diffusion and worked out the applications to FX rates in cross-currency models
and swap rates in LIBOR Market Models. Such a projection profoundly changes dynamic
properties of the process; the univariate marginals, however, can sometimes be approximated
quite accurately. Having correct univariate marginals is sufficient for the valuation of European
options on the underlying process, hence the primary realm of the applications of the technique
is to the problems of model calibration to European options on various financial rates. As
is known, displaced diffusions are effective in capturing implied volatility skew but not smile,
which is the principal limitation of the method. According to a general theorem by Gyoéngy,
it is always possible (although not computationally easy) to find an equivalent local volatility
process with unchanged marginals. Reducing the space of local volatility functions to the class
of displaced diffusions introduces an error which can be reduced only by extending the target
space of local volatility functions. Thus, the direction of future research is to identify wider
classes of tractable volatility processes and develop efficient projection methods. The approach
of this work is based on Lo-distance minimization and is perfectly suited for projections onto
spaces other than displaced diffusions.

In preparing this work, we greatly benefited from the insights of Vladimir Piterbarg. We
are grateful to our colleagues at NumeriX and especially to Gregory Whitten for providing a
stimulating research environment.
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