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Introduction

» In moedelling equity derivatives Dupire's local
volatility model plays an important rele. A market
consisting of Vanilla options and nething| else
almost naturally leads to this appreach.

» However, for multi asset and period eguity
preducts this appreach is numerically invelved.

Many: practiticners new: Use maore efficient
approximations; of this moedel derived from the
eguity implied distribution.

» In this presentation we discuss properties and
pitfalls e this approach.
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Market Implied Distribution

> The distribution of S(t) can be derived from the Vanilla
option market, as has' been noted by Breeden and
Litzenberger:

here PV(K.t) denoetes the (not discounted) market price of
a put withr strike K and maturity, t.

»> This allewsiterobitain medel independent prices for
payoeffs ofi the farmifi(S(t)).
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Black-Scholes Copula

» There is less market consensus on the distribution ofi (S(T),S(t))
for 0<t<T, namely the time copula of S.

The Black-Scholes moedel assumes a Gaussian; copula with
correlation

where

withra deterministic function

A fiast variani eif Dupilie’s model consistsiin combining the
Black-Schieles time copulawith thermarket impliedrdistrbution:
Suchra precess is new widely: used by, practitioners:

N N\
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Standard Black-Scholes

> Introducingla Gaussian integrall as factor.

the standard Black-Scheles  model can be'described (and
simulated) as

IS an expoenential function, namely,
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Implied Volatility Surfaces

> However, we have non-flat impliedi volatility: surfaces:

STOXX50 General Motors Vodafone
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Implied Black-Scholes

> Thus, preserving the copula one replaces

to obtain

» Lacking aname fol thisi process we shallfreferte it as
Implied Black-Scholes:
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Local Volatility of Implied Black-Scholes

> An application of Ite ‘s Lemma shows that

where

» Note that thetime copula yields parallel shifts offthis local
volatility function:.

> Alsoe, onegenerally has
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Implied Black-Scholes and Dupire

> Befaore alll of this, Carr, Tari and Zariphopouloul (1999)
discuss the problem of finding mapping functions

o, eguivalently, implied volatility surfaces

such that Implied Black-Scholes coincides withy Dupilie,
namely;

One main| result of their paper is a necessary: condition in
terms of a PDE on locallvolatility

> Eurther results include selttions: of that PRE.
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Implied Black-Scholes and Dupire

» Fixing the distribution at time T and the copula volatility

it follows fromi this necessary condition that the model is
fully: specified. Thus it is only possible to calibrate to
options expiring at T and, additionally, a term structure of
option prices: Matching the distribution at a second date
t<T will typiically’ viclate the condition.

Anl inspection ofi the special cases proposed by Carr et al.

shows thatgeod calibration of thie skew! fior ene maturity T
can be achieved. IHowever, there are no parameters left to
calibrate a second maturity t.
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Implied Black-Scholes and Dupire

> Given an implied volatility' surface there is no
reason why Implied Black-Scholes and Dupire should
coincide:

The Dupire process generally: deoes not have a Gaussian
time copula.

The next slide displays the jeint distribution of (S(2Y),S(5Y))
flor STOXX50, assuming Local Volatility and Gaussian
copulas with varieus: levels off autecorrelation
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Implied Black-Scholes and Dupire

Local Volatility, 2Y-5Y, STOXX50 Implied BS, 2Y-5Y, STOXX50
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Time Copula: Defining the factor process

In order to specify the factor volatility process
and thus autocerrelation various approaches can
be considered:

Interpolate the term structure at spot:
Interpolate the term structure at the forward:

Interpolate the term structure at alevel relevant for the
payofi.

Set the varnance of X(t) egual te guetedivariance swaps.

Whilch one is best?
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Time Copula: Defining the factor process

From| a practical prospective arbitrage emerges as a
vielations of call-put parity for ferward starting eptions,
namely;

For STOXX 50 we obtain

Herewe interpolatedi volatilities; of the driver at spot.
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Time Copula: Defining the factor process

> The same for Vodafone

> and General Motors
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Time Copula: Defining the factor process

> Enforcing the condition leads to a matrix off
correlations

> Note that such a matrix doesi not necessarily: exist.
> For STOXX50we calibrated the factors fi(t,1):
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Time Copula: Defining the factor process

» The first off diagonal values determine a term structure of
volatilities for a driver process, which we compare
with atmi velatilities with' the starting point set to 100%:

STOXX50

—e— ATM wolatility
s Calibrated volatilily‘ /

=

M 2M 3M 4M 5M 6M 7M 8M 9M 10M 11M 12M
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Time Copula: Defining the factor process

> The result is a reduced! drift error for STOXX50

inicomparisen with: the eriginal clbtained withratm
volatilities:

N\
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Time Copula: Defining the factor process

> This worked well for STOXX50. Howeyver, for GIM we have

General Motors

—e— ATM wlatility
T | —=— calibrated volatility

M 2M 3M 4M 5M 6M 7M 8M O9M 10M 11M 12M

which impliesrnegative fiorwardvariances:
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Local Drift

> A more generall (sufficient) condition for absence off
arbitrage is given by

> We now! display: the local drift inf terms; of

where dt = 3Viland dB = 10%

A(
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Local Drift

> The bluelline refers to Local Volatility, the other lines refer
to different interpolation|levels ofi the velatility of the driver:

Local Drift STOXX50, 3M-6M
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Local Drift

> The same for General Motors:

Local Drift General Motors, 3M-6M Local Drift General Motors, 9M-12M
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Barrier Prices

Prices for Knock Out Barriersi (paying 1 if down- or up-
barrier is not hit;, with maturity: 2Y and sampling every: 2\),
noe discounting:

STOXX50 Barrier Price

_—

Local Volatility Price

T T T
115% 135%

Barrier

T
75% 95% 105%
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Barrier Prices

> And price difference for Knock Out Barriers (paying 1 if
down- or up-barrer is net hit, with: maturity: 2Y and sampling
every 2M). Eachiline corresponds to ani interpolation level of
in percentage of spot.

STOXX50 Barrier Price Difference
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Asian Option

> Implied volatility for Asian Option (2Y Asian with' sampling
every 2M) usingl Local Volatility model:

2Y Asian on STOXX50, Local Volatility Model

Implied Volatility

T T
105% 115%
Strike
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Asian Option

> And implied volatility difference to Implied Black Scholes
model, interpolated at different percentages of spot:

2Y Asian on STOXX50
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