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Agenda

e Basic structure of CDOs

e Comonotonicity in Default Timing
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Synthetic transaction based on credit default swaps (CSO)
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Comonotonicity in Default Quote Paths

Starting point: default times vecter= (7, ..., 7,,) and default quote patti;)y<;<r
with

1 m
Ly = EZ 1{Tk§t} (1)
k=1

Intertemporal dependence of jumps— L, for timess < ¢, sampled at times
O=to<thi < - <t <t,=1T
IS captured by some copula function
C 0, 1]™ — [0,1], (ug, ..., up) — Cluq, ..., Up)

(seeSKLAR’s theorem) such that

PlLy, < a1y, Ly < xg] = C(PLyy < 24, ..., P[Ly, < 7)) (2)
Note that always:; = k;/m with k; € {1, ..., m} and that the copul&' not unique!
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Definition 1 A default quote pathL;))<;<r is called comonotonic if
P(Li, < 21,0, Ly, < 1) = C(P[Ly, < a1), ..., P[Ly, < z))

whereC = C' is the comonotonic copula defined by

~

C(Ugy ooy Upy) = Min{uy, ..., Up, } (U, ..., Uy € 10, 1]).

Note thatC' sometimes is called the upper Frechet copula. It is the copula inducing
the strongest possible multivariate depencency

Next, we will construct the comonotone version of any given default quote path:

Define the following probabilities w.r.t. any given portfolio model,
Ptk = P[L; = k/m), (3)

wherem denotes the number of names in the portfolio apds from (1)




Given theses probabilities for a discrete time grid ¢4, ..., ¢,

X (m+1
(ptak>t:t1 ..... tq; k=0,1,2,...m - Rq (m )7

we write [z] = max{k € Ny : k < z} for the greatest nonnegative integer below
z > 0 and define for any time; > 0 a distribution function

[ma]
th($> — Zptj,k’ (.I‘ S [07 1]) (4)
k=0
G, Is a step function due to the finite granulanityof the portfolio

We now compare the original default quote path

| & l «
L = (Ltp“‘?LtC]) — <m21{7k<t1}7’°-7m21{7_k<tq}>’
k=1 k=1

determined by the chosen portfolio model in line with (1) with the default quote
path

~ ~

L= (Ly L) = (G;l(g),...,@;ql(g)) (Z ~ U0,1))




Proposition 1 The marginal distributions oL and L coincide andL is comono-
tonic

From Proposition 1 we can derive a simple simulation schemé& for
e SimulateZ ~ U|0, 1]
e CompareZ with the ‘partition of unity’ applied in (4)
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Comonotonic Default Timing

Denote byr,.,, the time until then-th default out ofn obligors w.r.t.L,
Tpm = If{t >0 : Ly > n/m}
and write,,.,, for the time until then-th default w.r.t.L,

Fon = If{t >0 : G;YZ)>n/m}  (Z~U0,1])

We now come to a very useful result

Proposition 2 The distributions of,,.,,, and7,,.,, agree,
Plrm <t] = PlFum < forall ¢ > 0.

Default timing in the comonotonic approach therefore coincides with default timing
according to the original model in line with (1)




Proof. We start with the comonotonic pafi Define numbers

n—1
Qtnm = Zpt’k (t>0;n=1,....,m)
k=0
Note thatt — ¢, ., IS a strictly decreasing function

Observingn out of m defaults at time in a comonotonic simulation is equivalent
to

dt n:m <Z< dt,(n+1):m (5)
Therefore, then-th default time agrees with the first times.t. Z7 > ¢ ., for
Z ~ U0, 1],

7N_n:m — 1nf{t Z 0: Z Z Qt,n:m}

We turn our attention to the origindl

10



The statement,.,, < ¢t means that at least out of m defaults occurred before or
at timet

The likelihood forn or more defaults in the time intervgl, ¢] is given by

Pl#defaultse {n,n + 1,....m} untiltimet] = > P[L; = i/m]
— Zpt,z’ — 1_Qt,n:m

Combining the pieces we have yield the conclusion

]P)[Tnim < t] = 1- dtnm — IP)[Z > qt,n:m] = ]P)[%nm < t]

Therefore, the:-th default times exactly match in distributian
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Implications of Comonotonicity

We illustrate implications and benefits by means of a one-factor model,

piy = PLi=k/m] = (Z) / p(t,y)" (1 — p(t,y))" "dN(y),  (6)
pie.y) = N[ DY (7)

whereY ~ N(0,1), (p:)s>0 IS @ uniform credit curve, and denotes the uniform
asset correlation between (uniformly factored) latent variables

ri = VoY ++/1—pe (i=1,..,m) (8)
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triggering default indicators leading to default quotes

l )
L, = E E ]-{7“@<N_1[pt]} (Y, E1yeeey Em N(O, 1) ||d> (9)
1=1

Comparing (1) and (9) suggests to define the default time of any obligyor

i = F YN[ (2=1,....,m) (10)

wherer; is defined in (8) and’'(t) = P|r; < t| = p; (distribution function ofr; on
0,00))

In the original model we have to simulate: + 1) variablesY ¢4, ..., €, ~ N(0, 1)
In the comonotonic approach we only have to simulate one variableU |0, 1]

Both methods give the same n-th to default times.

Comontonicity, however, works only for a homogenous basket!!
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The comonotonic approach does not capture the fact that in general defaults follow
a multinomial pattern.

Again we illustrate this by means of the one-factor model with default quiotes
from (9)
Given atime grid, ..., t,, the corresponding default qugtenpsare given by

S] — Ltj — Ltj_l (] — 17 0y 4 LO — O) (11)

Additionally we define a ‘residual jump’
Soo — ].— Ltq

for the time periodt,, co)
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Based on Equation (7) we define functions

gi(y) = plt,y),  g;(y) = pt;,y) —plti-1,¥),  go(y) =1 —pltg,y), (12)
wherey denotes a realization of the factor

Obligork € {1, ..., m} admitsq+ 1 possible time intervals capturing her/his default
time,

0,t1), [t1,t2), ...y [ty—1,t,), oOrthe residual period [t,, c0)

Denoting the default time of obligdr by 7. we see that

Pt 1 <m<tj|Y =y = gj(y) and Pit, <7 <oo|Y =y| = goo(¥)

(13)
Note that by construction we have
q
Y 9w +9ely) =1  (VyeR) (14)
j=1
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Proposition 3 The distribution of the jump vectonx (S, ..., S,, S«) conditional
onY = y follows a multinomial distribution\ m; g1(y), ..., 94(¥), goo (V)]

Proof.GivenY = y, the vecto 1, cjo.#)}s - Lirelt, 1.4} Linpeltyo0)}) 1S Multivari-
ate Bernoulli with occurence probabilitigsy), ..., g,(y), 9 (y); See also (14)

Due to the independence of default times conditional’'on

m

Z(l{TkE[O,h)}v L melty 1)} 1{Tk€[tqa00)}>
k=1

givenY = y is a convolution of (independent) multivariate Bernoulli distributions
and therefore must follow a multinomial distributidd|m; ¢, (y), ..., 9,(¥), 9o (y)]

See Equation (8) regarding conditional independénce
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Conclusions:

e First analysis of the dependency of defaults in different time buckets

e Comonotonicity provides a powerful tool for efficient and variance-reducing
simulation ofn-th-to-default times in baskets and CDOs

¢ In copula models the dependency of default events in different time slices are
close to the comonotonic copula, especially in a one-factor normal copula.

e However, one has to keep in mind that comonotonicity (as a side effect) leads to
a lack of precision if the underlying assets are too far from being ‘exchangeable’

e Additionally we pointed out that the multinomial distribution governs the time
dependency (in a one-factor) copula model)

e Implication for using asset correlation for the copula of default time models
(which is currently an industry standard) requires further investigation, cf Fin-
gers (2000).
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