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Abstract

We generalize existing structural models for credit risk to capture the impact of counter-
party defaults on economic capital allocated to banks' loan portfolios. Exploring the analogy
to a lattice gas model from physics, correlations between sequerial defaults are modeled as
due to functionally de ned, heterogeneouscouplings between mutually dependert counter-
parties. We show that|already for moderate micro-economic dependencies|coun terparty
risk results in a fattening of the tails in the portfolio loss distribution. In particular, for
stronger mutually supportiv e relationship between the rms, collective phenomena such as
bursts and avalanches of defaults can be observwed in the model. In this context, traditional
credit risk models are inadequate becausethey underestimate the required capital bu er. Our
model setting is particularly applicable for doing stressanalysesof credit risk in loan portfolios.
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1 Intro duction

In recert publications on credit risk modeling the impact of sequettial defaults related to direct
businessrelations between obligors has found much attention [1, 2, 3, 4, 5, 6, 7, 8]. Researt
along this line, initiated by Davis and Lo [2], is motivated by attempts to explain the obsened
clustering of defaults around economic recessiong9], which cannot readily be accourted for by
the standard approac for modeling correlations in either the reduced-form [10, 11, 12], or the
structural formulation [13, 14, 15] of credit risk modeling. In these approades default correla-
tions are modeled by linking default intensities (reduced-form models) or assetreturns (structural

models) to macro-economicalfactors (e.g., interest rates, credit spreads,stock indices, economic
growth). Since common factors weighted by some factor loadings in uence the pro tabilit y of
rms, equal-time default correlations emerge.Although Yu [16] has shown that the choice of the
macro-economicfactors can strongly in uence the default correlation, researd has recertly also
focusedon explaining empirically obsened correlations in terms of direct inter- rm relationships.
Sud relationships can arise from, e.g., (unsecured) borrowing and lending cortracts in the inter-
bank market or in economicallybounded ertities, such as conglomerates,supplier-manufacturer or
parent-subsidiary structures. The results are functional inter- rm dependencieswhich can initiate

collective sequettial defaults resulting in bursts and avalanches of defaults analogouslyto a rst

order phasetransition in condensedmatter systems[17].}

The medanism by which a default of a rm's counterpart might e ect its own default probabilit y
was termed counterparty risk by Jarrow and Yu [3]. This mechanism adds further complexity to
a credit risk model due to looping of default dependencies:essetially, every rm's survival at
time t dependson all other rms' survival at time t° < t, which again depends on the original
rm's survival at time t%< t%< t. This kind of feedbad generally prohibits straightforward exact
analytical solutions. It is also the economicreasonfor cascadingand clustering of defaults. To
arrive at analytical, albeit approximate descriptions Jarrow and Yu eliminate looping defaults by
considering an econony with two groups of rms: primary rms whose default dependsonly on
marco-economicfactors, and secondary rms whose default depends on marco-economicfactors
and defaults of primary rms.

The concept of functional dependenceis not limited to credit portfolio perspectives. Sequettial
failure of processesonstitute a main sourcefor operational risk. A model exploring this notion in
order to calculate the necessarycapital bu er for operational risks was proposedby the authors in
[19] and further elaborated by Leippold and Vanini [20].

The researt initiated by Jarrow's and Yu's work followed the usual lines of either reduced-form
[3, 4, 5] or structural approadces|[6, 7, 8]. Roggeand Scenbucher [4] apply a copula model in
the reduced-formframework to courterparty risk. The choice of the copula function is determined
by the distribution function of the common macro-economicalfactors. Their certral result is that
the conditional increaseof the hazard rate can be expressedby the covariance of the correspond-
ing common factors. This restricts their models to economieswith symmetric counterparty risk,
which is not the genericcase.Frey and Backhaus [5] addressthe problem of looping default by a
mean- eld approximation in the reduced-formframework. This approximation, which is a common
non-perturbativ e tool in statistical mechanics, allows them to go beyond the primary-secondary

1Similar positiv e feedback mechanisms are also believed to be responsible for the possible occurrence of catas-
trophic shifts in a variety of ecosystems[18].



rm approximation of Jarrow and Yu. To apply mean- eld theory the portfolio must be split
into seweral homogeneousaggregateswhosedefault statistics determinesthe default of an individ-
ual rm. Although this approximation might be important for portfolios with a large number of
relatively homogeneousobligors, e.g., retail loan portfolios, it appears lesswell suited to model
micro-economichusinessrelationships in a corporate loan portfolio.

Counterparty risk has also been modeled in the structural formalism to credit risk. Gieseke and

Weber [6, 7] apply a voter model with symmetrical nearest-neightoor couplings on a d-dimensional

integer lattice Z%. Both, the regular geometric pattern of the functional inter- rm relations, and

their uniform strength aswell astheir symmetry would have to be abandonedand replacedby less
regular, heterogeneouwariants in order to allow calibrating a model of this kind soasto a describe

realistic networks of economicdependencies.Another point concernsthe equilibrium assumption

usedin [6, 7], which is crucial for obtaining their main results, but which renderstheir analysis
essetially static. Eglo et al. [8] also apply a structural model, with a linear coupling of asset
returns betweenbusinesscounterparts. This linear feedba& medanism allows them to derive an

analytical solution even for looping defaults. The fact that their model allows for heterogeneous
and asymmetric dependenciesopens ways for proper calibrations and thus creates considerable
potential for practitioners. Model improvemers canstill be be made:it would, for instance,be more

realistic to assumerating events (e.g., downgrade or default of a rm's counterpart) rather than a

courterparty's assetreturns (which are not directly obsenable in the market) to be the decisive

quantities which inuence a rm's own assetreturns. This would imply a non-linear feedbak

medanism between assetreturns of related counterparts. Again, all results in [8] are obtained in

the stationary equilibrium limit, although the authors also quote an autoregressionformulation of

their model. Finally, only the rating processis considered;the recovery processwhich is important

for applications to a bank's credit portfolio, is omitted.

The present paper attempts to provide and investigate someof the model improvemerts alongthese
lines. Our analysisimplies a general,non-geometric,heterogeneousand generally asymmetric form

for the inter- rm dependencies.Moreover, as our prime focus here is to estimate the impact of
courterparty risk in loan portfolios on capital allocation, we do not assumeequilibrium dynamics
here. This is an essetial point, asrisk capital, which is to be allocated as lossbu er in certain
portfolios, is usually estimated on the basisof a healthy starting portfolio. Such a healthy portfolio

constitutes a non-equilibrium initial condition. As, moreover, default probabilities p are small (so
that 1=p  1year), the portfolio will typically not reach an equilibrium state during the considered
risk horizon for capital allocation (usually one year), which is why equilibrium results are strictly

not applicable in this context.

As a result, analytical solutions are not easily available, though to a certain extent within reac of
techniquesdeveloped in the statistical physics of disorderedsystems.Within the presen paper we
shall mainly resort to Monte Carlo simulations to elucidate the saliert properties of our model.

Interest in capital allocation wasrenewed in the courseof discussionsin connectionwith the Basel
I1-procesq?21, 22, 23. Following the functional approac proposedin [19], our goalis to formulate a
generalizationof the (structural) commonCreditMetrics approac [24] that takesdirect interactions
between rms into accourt. The parametersof our model can be expressedanalytically in terms of
a priori and conditional default probabilities. The latter canbe xed by expert estimates,or from
historical loss data. We will argue in particular that our model provides a consistert framework
for stresstesting of loan portfolios.



The remainder of the paper is organized as follows. In Sect. 2 the standard approacd to credit
risk is extended for collective sequetial default events based on heterogen®us, and generally
non-symmetric functionally determined inter- rm dependencies.In Sec.3 we explore the specic
properties of our model and analyze cascadingdefaults using Monte Carlo simulations. In this
section, we also commert on stresstesting and discussthe issueof estimating the parameters for
the model. Finally, Sect. 4 summarizesour results.

2 Functional Approac h to Counterpart y Risk in Loan
Portfolios

We consider a simple two state model here for the N rms in the loan portfolio of the bank, in
which eadh rm has only been granted one single loan. Each rm can be either up and running
or defaulted. For rm i we designatethese states in terms of an indicator variable n; asn; = 0
and n; = 1, respectively. In this setting only defaults trigger a credit deterioration of the loan
portfolio. In uences of credit quality deterioration on the market value of the loan portfolio are,
for simplicity, neglected,but they can easily be included in the scheme(e.qg., by intro ducing multi-
valued as opposedto two valued indicator variables n; for the rms).

To motivate the dynamics of the functional approach, we assumethat all rms need a certain
amount of \orders," support, or cashin o w to avoid default during the time incremert t! t+ t
within the risk horizon, t 2 [0; T) (think of suppliers constructing small item to the product of the
large-capor subsidiariesreceiving cheap funding from the mother rm, etc.).

We denote by W; (t) the total support receivedby rm i at time t, and chooseit to take the form

X
Wi =w® w0+ () (1)
j=1

Economically, W;(t) can be consideredasthe \w ealth" function of rm i at time t. Alternativ ely,
it can be interpreted as the assetreturn of the rm [13]. A positive wealth corresponds to an
assetvalue which exceedsthe debt of the rm. It is composedof (i) the average wealth Wi(o) that
would be available in a fully operational network of rms, in which n;(t) = 0 for all i. (i) This
quartity can be diminished by defaults of rms j, whosebusinessrelation with i are supportive
(wj 0), so support from defaulted rms which normally feed ordersinto the rm in question
would be missing;the cornverse|in caseof competitors operating with similar products in the same
market|could also occur; their relative “coupling' w;j would be negative, and default of j would
increasethe wealth of its competitor i, becausei would be able to take over a shareof j 's market.
(i) lastly, there are uctuations about the averagewhich we take to be (correlated) Gaussian

white noisewith|b y proper renormalizing Wi( ) and wi; [zero meanand unit variance.

Firm i will default in the next time instant t + t, if its wealth becomesnegative, W;(t) < 0, thus
0 1

X
nt+ )= @ w®+  winit) A ; (2)



where denotesthe step-function: ( x) = 1forx 0and ( x) = 0otherwise. The decisiwe point
about this dynamical rule is that defaulted rms can (and generally will) changethe probability
of default for other rms in the future, and it will increasetheir probability of default if their
economicrelation is mutually supportive (w; > 0).

At this point it must be noticed that there is an important di erence in the dynamics ascompared
to that employed in the formally rather similar caseof operational risks [19]. Namely, one usually
assumesthat a defaulted rm will not recover during the risk horizon T; in a technical sense,
therefore, n; = 1 is an absorbingstate, sothe dynamical rule (2) ought to be supplemered with

ni(t+ t)=1; if ni(t)=1: 3)

A defaulting rm will generatelossesfor the bank lending to it. Hencethe lossesL; incurred due
to rm i haveto be updated accordingto

Litt+ =Li@®+nt+ HEE+ L+ v; @)

where E; denotesthe exposure at default and LS) = 1 R0 the loss given default, R() being
the recovery rate. E; is the amourt that will be lost due to outstanding transactions with the it
rm, not adjusted for any future recovery and incomesduring the bankruptcy process.L g) is this

adjustment factor such that E; L,(D') is the loss sewerity. Generally, E; and L(D') are taken to be
time-dependert random variables, e.g., think of credit lines where the future draws are not known
a-priori. It is understood that (4) applies at default only. It is worth pointing out here that the
(stochastic) model of incurred lossesfor a given default (i.e. the model of the recovery process)is
independent of the model assumedfor the underlying dynamics of rm.

We will be following widespread practice (e.g. [15, 24, 25]) to model common systematic, albeit
uctuating risk factors, which represen the industry sector, region, or country speci ¢ in uence
on the econony, by taking the noise contribution (t) in (2) to be correlated for dierent i. By
this device,one can model equal-time crosscorrelations between rm defaults. Speci cally, we take

X
i(t) = ik Y (1) + i (1) ; (%)

where |

P = 1 Ii . (6)

Thus, the Yi(t) N (0;1) represent the common risk factors, whereasthe (t) N (0;1) are
rm-sp eci ¢, idiosyncratic risk factors describing uctuations in the micro-economicalstate of the
rms. All rms in the samerisk sectork are subject to the samesystematic factor, Yi(t). However,
ead of them has an individual componert through the idiosyncratic term, ;(t). The weights

For credit risk they are always positive or zero, i 0. Without lossof generality we assumethe
risk sectorto be orthogonal, i.e., the Y (t) to have zero correlation.? Equal-time assetcorrelations

2This can always be assured by a simple rotation of \economic" risk sectors. The Y (t) would then be linear
combinations of factors assaciated to these \economic" risk sectors.



P
are then givenby j = |, i« jk fori & j. It is understood that the dynamics of the common
economicfactors Yy (t) is very slow on the time scalesetby t.

The microscopic parameterswi(o) and w; describing the dynamics of our model can be related to

statistical properties of default everts as follows. Denoting by pi. : the unconditional probability
for rm i defaulting within the time incremernt t! t+ t, giventhat no other rm hasdefaulted
at time t, i.e., n;(t) = Ofor all j,

pi + Prob ni(t+ t)=1fn;(t)=0g ; @)
oneobtains p;. ¢ by integrating over the N (0; 1) noise ; in (2), giving

poo= ( w?): ®)

Here, denotesthe cumulative normal distribution ( x) = %(1+ erf(x:p 2)). Inverting (8) one
obtains
w® = ip o) 9)
Similarly,
Pi; ¢+ Prob ni(t+ t)=1n;(t)=Lfne(t)=0k86 jg ; (10)

i.e., the probability of rm i defaulting within the time incremert t! t+ t conditioned on rm
j being defaulted at t is obtained by integrating over the N (0; 1)-noise ; in (2) the samemanner,
the only di erence beingin the con guration n(t) = fn;(t)g assumedat time t. Inverting and using
the result (9), one obtains

wi = (py o) N(CE (11)
Note that p;; : are stationary transition rates of the Markov processin terms of which the dy-
namics of our model is de ned; they can be interpreted as a non-equal time cross-correlation of
obligor default within the time incremert t.

Finally, in order to investigatethe dynamicsin detail, e.g., by setting up a Monte Carlo simulation,

the conditional probability for default of rm i, during the time increment t! t+ t, p;. «(n;Y),
given a con guration n(t) = fn;(t)g of defaulted rms and arealization Y (t) = f Yk (t)g of common

factors at time t is needed.lt is obtained by integrating over the distribution of idiosyncratic noises,
i, in such a con guration. Combining (2) and (5), one obtains

pi t(n;Y) Prob nij(t+ t)=1 n(t);Y(t)
P P !
_ LGN p,—lwiinnj (t)2 Y@ 12)
k ik

P
Note that up to the functional term \" ; w; n;j(t)" this approac correspondsto the standard
approad, seee.g.[15, 24, for credit risk modeling, which in the one-factor versionand in the limit
of an in nitely ne-grained portfolio is alsothe basisfor Baselll [21, 22, 23].

Equation (12) hasa very intuitiv e economicinterpretation. Defaulted rms which werein a mutu-
ally supportiv e economicrelation with the rm under consideration(w; > 0), or negative common
factors increaseits conditional default probability, and, henceforth, result in enhancedeconomic



distress. Conversely defaulting rms which werein a mutually competitive economicrelation with
the rm under consideration (w; < 0), or positive common factors would decreasets conditional
default probability, and, henceforth, result in reduced economicdistress.

Let us emphasizeone further important consequenceof our way of thinking about the dynamics
underlying credit risk. It is related to the obsenation that the economic network of dependen
rms is usually (much) larger than the set of rms in a bank's lending portfolio. This aspect is
only partially taken into accourt by the introduction of the set of common risk factors fYig in
(5), namely only to the extent that adversee ects on the bank's lending portfolio through defaults
of individual, identi able rms outside the bank's own portfolio can be neglected. This is quite
obviously not always appropriate. Within the presen approac these considerationscan easily be
taken into accourt by looking at the dynamics of larger networks of interacting rms and setting
E; = 0 for the rms that are not in the bank's portfolio.

3 Prop erties of the Mo del

For a general heterogeneousnetwork of rms the dynamics (1), (2), and (12) cannot be solved
analytically. To study the saliert properties of our model we shall, therefore, resort to Monte Carlo
simulations. Note that, within the presen paper, we do not attempt to simulate networks with

parameters derived from a realistic economic network, but rather simulate the heterogeneiy of
realistic economicnetworks by using a xed random setting for the dependenciesin the economic
network of interacting rms. That is, we shall be using xed (quended) random unconditional and
conditional default probabilities for the rms, and we shall in the presen paper also not consider
the casewhere the economic network is larger than the network of rms in the bank's lending
portfolio. Moreover, to emphasizethe e ects of interaction-induced enhancemehn of credit risk, we
shall in the presen setup considera network cortaining only mutually supportive rms.

It is clearthat none of the speci cations chosenconstitute restrictions of principle. Somecould be
read as attempts at generality; the last is merely meart to illustrate more succinctly the collective
e ects that may occur in sud systems.

We will show that, with economicstresspercolating through the portfolio of mutually dependert
rms, cascadingdefaults can fatten the tail of the lossdistribution, and even render it bimodal in
the limit of strong dependencies.

3.1 Setting up the Monte Carlo Simulation

To simplify matters further we restrict ourselvesto having just a single common macro-economical
factor sothat D p
iM="Y®+ 1 () (13)

with correlation coe cien t . Furthermore, we considera homayeneus portfolio in which we chose
E; to be the same,and equalto 1, for eadh rm. Lp is sampledfrom a beta-distribution upon each
default.

Eqg. (12) constitutes the basisof the Monte Carlo algorithm. The probabilistic dynamicsis carried
out in parallel. We take the time incremert t to represent a single day. The common economic



factor is assumedto vary more slowly than on a day-to-day basis. Within the present simulations
we chooseto update it just onceduring a year from a zero-meanunit-v ariance Gaussian.One year
is alsoa common choice for the value of the risk horizon T in the problem of capital allocation for
covering credit risk. Indeed, for the question of estimating the annual loss distribution of a loan
portfolio, which is the question we decidedto addresswith the simulations preseried below, the
question of the dynamics of the common factor is not of prime importance, aslong asit is agreed
that the time-scale of its variations is of the order of a year: the loss distribution is in any case
calculated for portfolios starting in a healthy state at the beginning of the risk horizon, i.e., in a
non-equilibrium initial condition without defaults. Other ways of setting up a simulation are of
courseconceiwable, when other questionsare being addressed.

For xed Y, Eg. (12) is sampled for a risk horizon of T = 365 days, starting with n;(0) = 0
for all i. In caseof a default under the given scenariola default occurs in the simulation, if a
[0,1]-distributed random variable is smaller than the conditional default probability, Eq. (12)]a
random variable for L is drawn from a beta-distribution for constart E. Repeating this for many
yearswith Y annually chosenaccording to its distribution, a histogram of the annually realized
portfolio lossesis everntually obtained. The economiccapital (EC) is read o from the g-quartile
of this histogram,

Lo(T) = inf L(T):Prob(L(T) Lqu(T)) a (14)
in excesof the expectedloss,h(T)i, (hi denoting the averageover the lossdistribution function)
EC(T) = Lqo(T) H(T)i: (15)

Economic capital is the industry standard for the amount of equity capital required to bu er un-
expectedlosseq(risk) at a certain con dence level g. Commonly, the con dence level is determined
from the external (S&P or Moody's) target rating of the bank such that g= 1 py (target rating).

To set up our random realization of a network of interacting rms, we choose xed unconditional
default probabilities p;.  for eadh rm, takento be homogeneouslydistributed in someinterval
[0; p™®]. The transition probabilities p;.  are also xed, and randomly chosenas

Pi =P 1+ "), (16)

with "j taken to be homogeneouslydistributed in the interval [0;"™*]. This xes the ratio
(pi; =p. )™ = 1+ "M For a speci c economicnetwork, the parametersp;;  and"; would
have to be determined from from expert assessmetny on the basis of historical data, or otherwise
(we shall return to this issuein greater detail below). The random speci cations made here have
no particular claim on realism in economicdetail; they are just meart to be reasonable,and able
to elucidate the main principles at work in an economicnetwork of mutually supportive rms.

3.2 Results

The valuesof p™ and "M | and of the correlation coe cient are the control parametersof our
system. Within the presert study, simulations were carried out for a network of N = 100 inter-
acting rms, and p™® = 5=365 N), that is an unconditional default probability homogeneously
distributed in the range between 0 and 5% was chosenfor the data preseried in Figs. 1 and 2.
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Figure 1: Probabilit y density function of the lossesfor a fully connectednetwork of N = 100 rms,

p™* = 5=(365 N), = 15%,and T = 365 t. From left to right the curves correspond to
the casesof non-interacting rms (crosses)the case(pj; (=p. )™ 1+ "™ = 1:04 (diagonal
crosses),and (pj; =p; )™ 1+ "™ = 1:16 (asterisks), a casewhere the entire network of

loans may collapse.

The correlation coe cien t betweenthe uctuating forces originating from the common factor Y
wastakento be = 15%, and the parametersof the beta-distribution usedfor samplingthe Lp's
area = b= 3=2, giving a semicircular law for the corresponding probability density function with
meanlossrate Lp = 50%and L p -volatilit y L, = 25%.

If the unconditional default probabilities p; : and the transition probabilities p; : are small
enough to allow for a stable econony, one nds that the loss distribution is always unimodal
with frequert small lossesand a few extreme losses,which together with the randomnessof the
loss sewerity are responsible for tails in the loss distribution. With increasing (pi; =p. )™,
courterparty risk in the portfolio and with it the likelihood of larger lossesincreases.If the ratio
(B ¢=p; )™ increasesheyond a critical value, collective lossespr crashes,in the form of bursts
or avalanches of default everts, spreadingthrough the whole econony, will occur|the economic
network of interacting rms will becomecollectively unstable. The avalanches of default events
are completely analogousto bubble nucleation assaiated with rst order phasetransitions, and
will causethe lossdistribution to becomebimodal with a marked peak at very high losses.Fig. 1
documerts this scenarioby comparing the loss distribution one would expect for non-interacting
rms with two caseswherethe ratio (p;; (=p; )™ isincreasedto 1.04 and 1.16, respectively.

Note that even in the caseof weak inter-rm dependencies,i.e., only 4% enhancemen of the
default probability, the lossdistribution already extendsto signi cantly larger values:the 99.5%
quartile increasesby approximately 40% (from Lgg.5 * 17:0t0 Lggs ' 24:0), while the increase
of the expected lossis by approximately 15%, and thus much lesspronounced. The reasonfor the
rather drastic e ect of inter-rm dependenciesin the presert setup is the high connectivity of the



network, whereall N = 100 rms are chosento interact with ead other.

Indeedfor the presert fully connectednetwork the larger of the two ratios, (pj; (=p; )™ = 1:16,
is large enoughfor collective instabilities of the network of interacting rms to occur, causingthe
lossdistribution to becomebimodal with a marked peak at very high lossesasshown in Fig. 1, and
leadingto anincreaseof of the 99.5%quantile of the lossdistribution relativeto the non-interacting
caseby approximately 300%!

Fig. 2 shows the behavior of the economic capital as function of the cortrol parameter
(P, =p. )™ = 1+ "M normalized with respect to the caseof non-interacting rms. Note
the relative sharp rise at intermediate valuesof 1+ "™ for the fully connectedcase.This sharp
rise is a trace of an underlying rst order phasetransition. In our simulations, that transition is
“smeared.' The reasonhere is not so much that we are dealing with a relatively small network,
but also, becausewe are simulating the systemover a nite time-window of the length of the risk
horizon T, starting with a healthy portfolio. Hence, we considera nite time window of a non-
equilibrium dynamics. In our simulation we are therefore always only seeingthe rst stagesof a
bubble nucleation assaiated with an underlying phasetransition.

In the limit of large networks and large time-horizon T such that equilibrium conditions apply, the
economiccapital would, indeed, develop a true jump discortinuity, as1+ "™# js increasedbeyond
a given critical parameter. We have not attempted to precisely locating the transition point via a
nite sizescaling analysis.

Clearly, the rise is lessdramatic for lower, and more realistic connectivities of the network asshown
in Fig. 2. However, for the lower connectivity, too, there would be a critical value of the cortrol
parameter (pj; (=p; )™ = 1+ "M at which a sharp rise of the economiccapital as a function
of this parameter would be obsenable and dewvelop into a true jump discortinuity in the limit of
large system sizesand long risk horizons.

The secondpanel in Fig. 2 comparesthe result obtained for the caseof 20% connectivity with
the result for a collection of non-interacting rms with unconditional default probabilities p;. ¢
uniformly sampled from the interval [0;p™* (1 + 0:2"™M&)]. It demonstratesthat the e ect of
courterparty risk on economic capital cannot be covered by solely renormalizing unconditional
default probabilities, which is a common pragmatic approacd in the banking industry.

Our results do not cortradict argumerts madein [3, 8] accordingto which e ects of counterparty
risk will disappear in large well-diversi ed portfolios. Quite to the cortrary, our model is fully
compatible with that reasoning,the key point beingthat large bond portfolios such asthe Moody's
or S&P bond universedo not only contain bonds of mutually supportive rms (with w; > 0)
but also bonds of mutually competitive rms (with w; < 0). Hence, courterparty risk in suc
portfolios is (partially) diversi ed away exactly because mutually supportiv e and competitiv e inter-
rm dependenciesare preseri. This hasan important implication for the credit process:banks can
naturally hedgecounterparty risk by granting loansto competing rms.

3.3 Stress Testing
Stresstesting is an important part of modern risk managemen. Whereascommon Value-at-Risk

measuresrefer to a worst caseloss under normal market conditions, stress tests constitute the
complemenary part in the analysis of the risk pro le by consideringspeci ¢ crisis scenarios.

10
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Figure 2: Economic capital EC = Lggs Hh.(T)i as a function of the corntrol parameter,
(pi; =P )™ = 1+ "™ relative to its value ECqy for non-interacting rms for N = 100
rms, p™® = 5=(365 N), = 15%,and T = 365 t. In the rst panel, the upper curve gives
the behavior for a fully connected network, the lower curve for a network of the samesize, but
eadh rm interacting only with a randomly chosensubsetof 20% of the other rms in the net. The
secondpanel comparesthe result obtained for the caseof 20% connectivity with the result for a
collection of non-interacting rms with unconditional default probabilities p;. ¢ uniformly sampled
from the interval [0; p™®* (1 + 0:2"M&)].
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There is no geperally agreedapproach for stresstesting of loan portfolios. In the standard approach
without the \" ; w; n;(t)"-term in (12) it has beensuggestedto do stresstesting by setting all
factor loadings i closeto unity. Although this device increasesthe economiccapital, such an
approach can be criticized. It addressesonly systematic stresseverts, like recessionsn industry
or courtry sectors. Speci ¢ stressevents like the default of a large borrower are not considered.
In our approach a much more cortrolled and bank-speci c stresstest of a loan portfolio is pos-
siple by setting specic rms into the default state|simply by turning specic nj(t) 1 in the
\ i Wi n; (t)"-termjand analyzing the impact on the lossdistribution.

One of the most critical lessonsfor Risk Control from our analysis is the possible metastability
of networks of interdependert rms: the bank would not necessarilyrealize the potential of big
lossegdue to bursts and avalanchesof obligor defaults, asthere are no detectable precursorsto sucd
everts for large portfolios. A basically unchangedloan portfolio could collapseand causesigni cant
lossesgither dueto external strain or rare uctuations of internal dynamics. The likelihood of such
a collapseof the loan portfolio would, however, be revealedby our analysis.

3.4 Calibration of Mo del Parameters

The presert model requires the speci cation of unconditional default probabilities p;. ¢, factor
loading i , and of conditional default probabilities p;; ¢. The procedureto calibrate unconditional
default probabilities and factor loadings from empirical default data of diversi ed portfolios, e.g.,
the S&P or Moody's bond universe,is known to practitioners [25], and succinctly described, e.g.,
by Eglo et al. [8].

In the presert section we discussways to estimate unconditional, p;. ¢, and conditional default
probabilities p;j. : for ordinary loan portfolios of banks, bearing in mind that these bare' quarti-
ties may be dicult to measuredirectly in these portfolios. They must be extracted from default
statistics that is already renormalized through interactions, as it originates in a world of inter-
dependert rms. It is clear that such estimates can only be obtained by re ning current rating
procedures.

In a conventional rating processobligors are assignedto a rating grade, e.g., A-, BBB+, or BBB,
depending on their scoreZ in a rating system. The scoreis given as some(non-) linear function
f of individual rating factors X;:::; X, Z = f(a1X1 + axX2 + :::1apX;), with factor loadings

the ensenble in such a way that the statistics of predicted defaults matchesthat in a historical
test sample as closely as possible. The bucketing in rating gradesis done suc that the assaiated
averagedefault probability matchesthe portfolio number of defaults and the ertire buckets cover
the default distribution of the portfolio. Default probabilities are estimated ex post from the number
of actual defaults per rating grade.

In a reasonablerating system the rating factors typically include balance sheetkey gures (eg-
uity/debt capital ratio, legal structure, prot, sales,cost-incomeratio, etc.), managemen factors
(good/bad managemem, strategic planning, controlling processesdisclosure,etc.), market segmen
gures (economiccycle,segmen economicindicators, etc.) and market position gures (comparison
to competitors, o ered products, customer/supplier structure, etc.). Hence,due to the last group
of rating factors, such arating systemdoestake economicinter- rm dependenciesnto accourt. As
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aresult, corporate dependenciesdo in the rating processcorvertionally result in assigningobligors
to a lower, lessquali ed rating grade. As a consequencethe calibration of rating gradeswill lump
both, a-priori, and conditional default probabilities into a single assigneddefault probability. In a
certain sense therefore, such a corventional rating procedure performs an implicit type of renor-
malization of the unconditional default probability in such a way that detailed information about
economicdependencies,which as argued above would be very useful for speci c stresstesting, is
virtually lost.

From a fundamertal point of view, it seemsvery di cult to disertangle unconditional and condi-
tional default probabilities from available historical data. In practice, estimating these parameters
with a degreeof (im)precision similar to that embodied in the implicit renormalization scheme
followed by the convertional combination of rating schemeand calibration of rating gradeswould,
however, not seemertirely unrealistic. For practitioners the focusmust clearly be on using simplest
models with smallest number of extra parameter that will capture counterparty risk in a credi-
ble way. Even if statistical estimatesare hard to come by, plausible rangesof parameters can be
derived on intuitiv e grounds. Analyses using plausible values give bounds on capital chargesand
are certainly better than ignoring courterparty risk altogether. According to this, a represenation
such asthat following Eg. (16) above, which estimatesa suitable range for the conditional default
probabilities basedon an expert assessmenfor "™ | could constitute a reasonablerst pragmatic
solution to the calibration problem.

Any way of going beyond such a rst approximate solution of the calibration problem would haveto
take convertional rating proceduresasa starting point, but would require re ning them in suitable
ways. Here, we just hint at one possibleway of attacking this problem by formulating a bootstrap
algorithm. It is basedon the obsenation that a calibrated rating procedure can be thought of as
providing a function P that mapsscoresZ oninteraction-renormalized default probabilities (within

atime increment t); beforebinning into discrete rating grades,this function will be smooth and
monotone. Given the scoreZ; of rm i, one may compute a related “bare score' Z? for the same
rm by ignoring the contributions of rating factors describingeconomicinter- rm dependenciegby
resetting the corresponding factor loadingsto zero). To the extent that the remaining rating factors
are independert of those characterizing economicinter- rm dependenciesthe default probability
computed for the bare scoreZ? may then be taken to provide an estimate of the unconditional
default probability p; ' P(Z?°) neededwithin the presen approac.

The valuesof the " introducedin (16) could be xed by asking experts to estimate the relative
values of the transition probabilities, i.e., ratios of the form

i _ P oo _ 1+
R = Db L= : 17
WP 0 1+ ik (7)

While considering a single such ratio is insucien t to x the valuesof the two "'s involved, the
estimate of three such ratios (with a common i) involving a closedloop (j; k")l R{., R’ and

jo')|are sucient to x the three "'s involved. Further iterativ e improvemert and consistency
cheds, and thus systematic bootstrapping is possibleby considering longer loops. Together with

the p;. ¢, this allows to compute the conditional default probabilities p;. , hence,the couplings
usedin our model. If needbe, additional re nement of model parameterscould be obtained using
so called ReverseMonte Carlo methods (reviewed, e.g., in [26]).
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The suggestedre nement of the rating processis clearly very work-intensive and requires high
standards on the credit processof a bank. It is also clear that a proper implementation of suc a
calibration procedure constitutes a major researt project in its own right.

Although it may be dicult to determine model parameters with high accuracy within suc a
procedure,the approach may neverthelessbe viable for two reasons.Oneis that the renormalization
e ect on the default probabilities for weak dependenciesis expected to be small anyway, and in
any casenot much larger than the error margins of default probabilities determined within a
convertional rating procedure. Hence, no substartial additional source of errors is likely to be
introduced in being a bit more explicit about the renormalization e ect. More importantly, the
other reasonis that macroscopicproperties of interacting systemsof the type consideredhere are
quite often fairly insensitive to variations at the microscopic level. Only statistical properties of
the model parametergnot individual parametersthemselves|m ust be captured with reasonable
accuracyin order to allow reliable predictions about its global statistical properties suc as,indeed,
the properties of lossdistributions.

4 Conclusion

To summarize,we have intro duced and analyzeda framework that allowsto estimate the e ects of
functional inter- rm dependencieswithin a collection of rms in abank's lending portfolio on credit
risk. We have demonstrated that the model parameters can be expressedn terms of a-priori and
conditional default probabilities. We have indicated ways in which these bare' default probabilities
that would have to be usedin the model could be estimated by taking a closerlook at the rating
process.

The analysis in this paper has shown that the standard models for credit risk, which are based
on equal-time correlations to common macro-economicalenvironment, could signi cantly underes-
timate the lossesof credit portfolios. Corporate dependencyresults in cournterparty risk and can
signi cantly amplify portfolio lossesOur main point wasthat functional correlations betweenmu-
tually supportive rms give rise to non-trivial temporal correlations, which could eventually lead
to the collective occurrenceof lossesin form of bursts, avalanchesor crashes.

Conversely by following the samekind of reasoningone easily corvinces oneselfthat the meda-
nismsresponsiblefor a possibleampli cation of portfolio lossedn a network of mutually supportiv e
and thus mutually dependert rms can be counter-balancedby setting up a loan portfolio in suc a
way that it includes a balance of mutually supportive and mutually competitive rms. This would
create functionally induced \anti-correlation e ects,” which work to reduce the economiccapital
of a lending portfolio. This aspect gains particular importance in secondaryloan trading markets
and for loan portfolio managemer. Note that very much the sameset of ideasare well known in
the context of portfolio optimization with regard to market risk.

In any casethere are important implications for the managemen of credit risk in loan portfolios:
our analysis calls for much higher qualitativ e and quantitativ e standards in the rating process.It
demonstratesthat stressanalyesare required to assespossiblemetastabilities of the loan portfolio.
Indeed, an important property of our model is its appropriatenessfor stress analysis and the
possibility to describe metastable networks of corporate dependert rms. Credit risk migration
from external strain or internal defaults can be modeledin a conceptually well-de ned framework,
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and crashes,bursts or avalanches of defaults are|in  contrast to the traditional models|part of
the default dynamics.

Another point worth returning to is connectedwith credit risk migration from outside the bank's
own loan portfolio. An event, which could trigger major lossesfor the bank in question through
collective e ects, would be the default of a major playerwhich|while not cortributing to the bank's
own loan portfoliojma y neverthelessbe economicallywell connectedto the network of rms that
constitute the bank's portfolio. As mertioned earlier, our analysisof credit risk migration may well
be setup in ways that take the possibility of such “Trojan Horse'e ects properly into accournt. The
caseof the retail portfolio of a smalllocal bank providing mortgagesto houseleeperspredominartly
working for the samelarge employer in the area can provide an example for such considerations.
In such a case,the renormalization of default probabilities due to interactions in setting up the
model may safely be ignored, whereasthe signi cant enhancemen of default probabilities due to
a possibledefault of the large local employer createsthe major sourceof risk for the bank.

In conclusion, if counterparty risk in banks' loan portfolios is ignored, the calculated economic
capital may well understate the appropriate risk bu er. Proper stressand risk migration analysis,
akin to those outlined in this paper, could turn out an important tool for assessinghe resilience
of a bank's loan portfolio against dangersof catastrophic collective losses.
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