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Abstract 
Many partial differential equations which arise in pricing of financial instruments under, say, short 
rate models, are, to speak in the language of engineers, reaction-convection-diffusion equations. In the 
one-dimensional case, it turns out that combining symbolic techniques (Green´s functions) and high 
order numerical integrations schemes delivers very accurate results also in cases where binomial trees 
fail. In the higher dimensional case, computational fluid dynamics has proven that finite element 
methods combined with streamline diffusion techniques are robust schemes for the treatment of these 
equations. We present the ideas behind these advanced numerical techniques. 
Parameter calibration in interest rate models is a notorious instable problem. We present the reason 
behind this phenomenon, and how regularization techniques should be applied to stabilize the problem. 
 

Green´s Functions and Adaptive Integration 
Let us start with the most easy case of classical Black-Scholes: Assume, the underlying equity 
follows a random walk 
  dWtSdttStdS )()()( sm +=  
with dW being the increment of a standard Wiener process. Using no-arbitrage-arguments, one 
obtains that values of options satisfy the Black Scholes equation 
 

  0
2
1

2

2
22 =-

¶
¶

+
¶
¶

+
¶
¶

rV
S
V

rS
S
V

S
t
V

s  

 
with appropriate end and boundary conditions. For European vanilla options, the end condition is 
the payoff-function; the boundary conditions at zero and infinity depend on the option type. You 
could also price barrier options by setting the appropriate boundary conditions at finite barriers. 
 
For vanilla options, the solution of this problem is given by the convolution 
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with the Green´s function 
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The representation of the solution still remains true if we write 
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and T need not be the expiry date of the option but could be any time between the valuation date t 
and maturity. If we consider now a, say, Bermudan put option, then we could apply (1) iteratively 
for each time step between two exercise dates. At the exercise dates itself, the value of the option 
is the maximum of the keep value and the exercise value. Hence, for Bermudan options, we have, 
in principle, an analytic representation of the option value.  
 
Of course, this is only half the truth. The integral in (5) can be evaluated analytically only for 
special cases (like European call or put options). For more complex instruments, it must be 
evaluated numerically. It turns out that Gaussian integration rules (4 times 6 points between the 
boundaries corresponding to –5s and 5s) delivers highly accurate results. The integration is 
carried out for grid points on a predefined but adaptive grid. Typically, the Gauss integration 
points are no grid points. The values of the option on these grid points are obtained by cubic 
interpolation in domains with a smooth behaviour of the solution and linear interpolation for less 
smooth behaviour. 
 
Adaptive Integration is implemented in the UnRisk PRICING ENGINE. Compare binomial trees 
and Adaptive Integration for an up and out call option: 
  
European Up and Out Call (continuously observed)
S=105 t=365d Analytic value 0.992506
X=100 vola=20%
B=120 r=5%

steps value value steps steps value
2 2.354 6.96 3 6 0.9927
4 1.765 4.227 9 10 0.9931
8 1.139 2.136 9 20 0.9924

16 2.553 1.382 17 35 0.9925
32 1.515 1.853 33
64 1.694 1.938 65

128 1.448 1.534 129
256 1.338 1.286 257
512 1.33 1.355 513

2048 1.159 1.15 2049
8192 1.064 1.062 8193

32768 1.018 1.018 32769

Binomial Trees Adaptive Integration

 
 
Adaptive Integration delivers also extremely accurate results for the Greeks. Consider an up and 
out call option two days before expiry (interest rate is assumed to be 5% with continuous 
compounding). In the following figure, we plot the value, Delta and Gamma obtained by analytic 
formulae (red line) and by Adaptive Integration (blue line) as functions of the spot price:  
 



Andreas Binder: High-End Numerics in Pricing 

© MathConsult GmbH 2004, www.unriskderivatives.com 
 

Annual Volatility = 35%  Annual Volatility = 1%  
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Adaptive Integration does not work only within the Black Scholes world but also for one factor 
short rate models. See the UnRisk documentation for more details.  

Finite Elements and Streamline Diffusion 
If we consider two-factor models, the most popular numerical schemes use products of binomial or 
trinomial trees, and only slowly finite difference or finite element techniques infiltrate the world of 
finance. Let us deal with a two-factor Hull-White model  
 
                  
 
 
 
with the increments of the two Wiener processes correlated by r . No- arbitrage arguments lead to 
the following partial differential equation for the value V of a security.  
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Formally, this can be written as  

dr � � � � t � � u � a� t � �r � �dt � � 1� t � �dW1

du � � b� t � �u � � 2� t � �dW2
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If we discretise time now and use the top indices j and j+1 for the values at different time levels, 
we obtain  
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Now we apply the inner product with a test function U (multiplying and integrating over the 
infinite calculation domain) and obtain   
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If we do this for different test functions with support on finite elements, we obtain large, sparse 
linear systems which should be solved by iterative techniques. In certain regions of the calculation 
domain, the equation is dominated by convection which may lead to instabilities if not proper 
handled. Streamline diffusion adds some artificial diffusion along streamlines and stabilizes the 
problem.  
 
What are the advantages of finite elements and streamline diffusion compared to, say, trinomial 
trees? 
- Using finite elements allows discretisations in time and underlyings which can be chosen 
independently and adaptively. This means, that it is possible to hit all key dates (say call dates) of 
the considered instrument without having to use very small time steps everywhere. If there are 
barriers or caps, it is possible to use finer grids near these barriers or caps without having to use 
fine grids for the underlying everywhere. 
- Finite elements do not care about recombining or not. 
- Trinomial trees exhibit stability problems (weights becoming negative) at the ends of the 
calculation domain. A widely used workaround is to use down-branching or up-branching trees: 
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The problem is now that stabilizing the problem (i.e. cutting off the ends of the tree) changes the 
boundary conditions for the underlying problem. If we consider a two factor Vasicek model and 
compare the results for trinomial trees (standard implementation like in Hull-White) and 
streamline diffusion, we obtain the following prices of zero coupon bonds (time step = 0.1 years) 
 

Life Time  Trinomial Trees  Analytical Solution  Streamline Diffusion
1 year 0.950341 0.950353 0.950353
2 years 0.901665 0.901756 0.901756
4 years 0.808564 0.809135 0.809131
10 years 0.572741 0.576645 0.57662
20 years 0.315969 0.324704 0.324654
30 years 0.17375 0.18328 0.183224  

 
For short maturities of the bond, the problem of cutting off the boundaries is only a minor one and 
the prices are quite reasonable then. However, for the 30 years bond, the relative error of the 
trinomial tree is 6 percent, whereas streamline diffusion delivers a price accurate to the basis point. 
Applying the special branching technique means to change the underlying model, which is 
commented in [Leippold-Wiener] with the statement: “Of course altering the geometry of the tree 
is an arbitrary manipulation of the pricing problem and thus subject to some criticism.” 

The Inverse Problem of Interest Rate Model Calibration 
When pricing exotic financial derivatives or complex structures, the results can be only as good as 
the inputs provided by the user. In the case of interest rate models, market data  are prices of liquid 
instruments, especially prices of money market rates and swaps, of caps and of swaptions. From 
these data, the parameters of the interest rate model must be determined by identification 
techniques, calibration in the language of financial engineers. Let us consider a one-factor Hull-
White model with time dependent volatility and time dependent reversion speed: 
 dWtdttrtttdr )())()()(()( sba +-=  
Following [Shreve] (note that there is a typo in Shreve´s bond option formula), one obtains 
expressions for the arbitrage free prices of zero coupon bonds, for zerobond options (and therefore 
for caplets) and for swaptions (by utilizing the probability density distribution in the risk free 
measure and by writing down the payoff-function of swaptions at expiry (which may become quite 
tedious). 
 
It is well known that model calibration in finance typically leads to serious instabilities. We 
consider the special case of curve fitting here, which leads to a linear problem and can be analysed 
quite thoroughly. 
 
Assume that the reversion speed and the volatility were known as functions of time. Then 
identifying a, means to solve the following problem. 
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Given are the market prices of zerobonds ),0( TB  (without credit risk) or, equivalently, their 
yield rates with continuous compounding. In theory, these prices are available for all maturities, in 
practice, data points are fine for short maturities and get coarser for longer maturities. These data 
contain bid-ask-spreads and are quoted to a finite precision, hence these data are noisy. Rewriting 
the system from above (with obvious settings), identifying a means to solve a Volterra integral 
equation of the first kind, meaning that the unknown a does not occur outside the integral. For an 
introduction on integral equations and their properties, see [Engl].  
 
Under conditions like boundedness of the kernel (which is obviously satisfied here), the integral 
operator from above is a compact operator (between spaces of square-integrable functions) and, if 
it is not degenerate (which is also the case here), its range has infinite dimension. Being a compact 
operator, the (infinitely many) singular values of K decay to zero. Curve-fitting means inverting a 
compact operator, which is an ill-posed problems in the sense of Hadamard. A problem is named 
well-posed if and only if 

· there exists a solution for each set of data, 
· the solution is unique and 
· it depends continuously on the data. 

Otherwise it is named ill-posed. 
 
What does this mean? The third condition is the crucial one. It means that if we have arbitrarily 
small noise in the data the resulting parameter a may be arbitrarily far away from the true 
parameter a0, at least in the infinte-dimensional setting. If we use finite-dimensional 
discretizations, the resulting matrices are very ill-conditioned. The natural dicretization would be 
collocation meaning that the prices of zero bonds for key maturities (like 1w, 1m, 2m, 3m, 6m, 
1y,…) should be calculated correctly under the interest rate model. Typical market data for the 
EUR (March 2003, maturities up to 50 years, which leads to 100+ discretization points) lead to 
condition numbers of the order 10^10, and this is the factor how noise may be amplified. 
 
Consider an example, where the Hull-White volatility is one percent, the reversion speed is 0.08 
and the yield curve (with continuous compounding) is given by  
yield(T) = 0.06 – 0.03 *exp(-T/4). We take into account theses rates for up to 25 years. 
 
We consider the problem for unperturbed data and for yield rates perturbed by a relative error of at 
most 0.5 percent, as shown in the following plot: 
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Unperturbed and perturbed yield curve 
 
For different discretizations, we obtain as results  
 

 
25 grid points 

 
50 grid points 

 
100 grid points 

 
150 grid points 

 
The smooth line is the result obtained without data error, the oscillating one is obtained from the 
perturbed data. The pictures show exactly the behavior as theory predicts it: The finer the 
discretization becomes, the more ill-conditioned becomes the problem and the higher is the 
amplification of noise. There are two possible work-arounds: First one could restrict oneself to use 
only few grid-points. However, in practice one would use all points of the yield curve one gets 
from information providers, and these may be well more than 100. The other, more promising 
way, is to look for stabilizing techniques. These are called regularization techniques and very well 
studied, especially for linear problems [Engl – Hanke – Neubauer]. The most popular 
regularization method is Tikhonov regularization. For a linear problem, this reads as follows: 
 

We want to solve a linear ill-posed problem yTx =  with noisy right hand side dy . To stabilize 

the problem, instead of dyTx = , one solves 
22

min xyTx ld +-  
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with l  to be chosen in an appropriate way. If l  is chosen too small, then the stabilizing effect 
disappears, if l  is chosen too large, then the regularized problem is very stable but far away from 
the original problem. In the following table of plots, we work with 150 grid points and (as above a 
noise of at most 0.5%). We vary the regularization parameter from 1 to 10^(-8): 
 

 
1 

 
10^(-1) 

 
10^(-2) 

 
10^(-3) 

 
10^(-4) 

 
10^(-5) 

 
10^(-6) 

 
10^(-7) 

 
10^(-8) 

 
There are strategies to choose l  in an order-optimal way depending on the noise level and on the 
smoothness of the solution. We experienced very good results on market data, when the 
regularized linear system has condition numbers in the order of 10^6.  
 
Up till now, we have always assumed that the reversion speed and the volatility were known. Of 
course, these also have to be calibrated from additional information. We use market data for caps 
with various maturities and various strikes and data for swaptions with various expiry times of the 
swap options and various remaining lifetimes of the swaps if the swaptions are exercised. 
 
So we want to minimize the least squares error between the market data and the calculated prices 
when using the model parameters and, on the other hand, we want to avoid severe oscillations in 
the calibrated speed and volatility. Again, we introduce a regularisation term which, now, 
penalizes oscillations in reversion speed and volatility. With EURO market data from December 
2003, we obtain the following quality of the fit for the caps (green = model price, red = market 
price) with the strikes of the caps being 1.5, 1.75, 2, 2.25, 2.5, 3, 3.5, 4, 5, 6, 7, and 8 percent.  
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2 year caps 

 
5 year caps 

 
10 year caps 

 
20 year caps 

   
And, simultaneously for at-the-money swaptions (remaining lifetimes at expiry= 3,5,10, 20 years) 
 

 
2 year expiry 

 
10 year expiry 

 
Similar techniques should also be applied to calibrate two-factor models. 
 
 

Conclusions 
There are challenging problems in the numerical treatment of pricing and calibration problems, 
and there are quite a few traps if doing the numerics not carefully. Applying numerical techniques 
which come originally form technical sciences like fluid dynamics and which have proven their 
power there, could help also in computational finance. 
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