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1 Fundamentals

e The Value at Risk (VaR) of the value V' of a financial instrument or a portfolio
is the upper bound for the loss which will not be exceeded with confidence ¢
over a time span 6t .

¢ = epfsy (6V > —VaR(c)) (1.1)

— 6V denotes the change of V and cpfyy, (instead of P) denotes the cumula-
tive probability function of the random variable 6V
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1. FUNDAMENTALS

— more explicitly

—VaR(c)
c=1— cplsy (6V < —VaR(c)) =1 f/ pdfsy (z)dz (1.2)

—00

— pdfsy (x) denotes the probability density function of the random variable
V.

— Therefore the negative VaR is the (1 — ¢)-percentile of the distribution of
oV :

VaR(c) = —QP1Y = —cpf5t(1 — ¢) (1.3)

e The Value at Risk is defined by the probability distribution of 6V, not by the
probability distributions of the risk factors!

e Using the probability distribution of the risk factor instead of the probability
distribution of the portfolio is only possible when V' is a monotonous function
of the risk factor process S.
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— Only then we have

VaRy (¢) = V(S) —min{V(S =a), V(S =a)} (1.4)
=max{V(S) = V(S =a),V(S)-V(S=a)}

— where a and a denote the lower and upper boundary of the risk factor’s
confidence interval.

1.1 Risk Factor Evolution
e Single risk factor S governed by a geometric Brownian motion (GBM)

dInS(t) = pdt + odW with dW ~ N(0, dt) (1.5)

e What is the process for § itself?
— Define the stochastic variable y := In(S(t)). Thus y satisfies

dy(t) = pdt + o dW
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— Choose the function f as f(y,t) = ev.

— Ito’s Lemma:

[ of of oo af
df (S,t) = [M% + Bt + 7@] dt + %wa (1.6)

— Since f(y,t) = S(t) we have for the differential of S:

dS(t) = S(t) (u + %2>dt + S(t)o dW (1.7)

i
e What is the process for the risk factor over a finite time?

— finite changes in S (over a finite, positive time span 6t) can be derived by
solving the SPDE 1.7

— Define a stochastic variable y = W (t)= the value of the Wiener process at
time ¢t. This satisfies

dy(t) = 0dt + 1dW (¢)



1.1. RISK FACTOR EVOLUTION
— Construct a function S of the stochastic variable y by
S(y,t) := So exp (ut + oy)

where Sy is an arbitrary factor.

— Ito’s lemma gives the process for S induced by the process dy:

oS oS 129%8 oS
ds = | — — +—=——— | dt+ — 1dW
oy ot 2 Oy? oy
~— ~~ ~— ~—
oS wS 028 oS

2
= (u+ %)Sdt+anW

— This corresponds exactly to the process in Equation 1.7.

— The process S thus constructed is therefore a solution of the SPDE 1.7.
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— Simply making the substitution ¢ — t + §t we obtain

S(t+ 6t) = Soexp (ut + udt + oy(t + 6t))
= Spexp (ut) exp (uét + oW (t + 6t))
N——

go(t)
= So(t) exp (oW (t) + bt 4+ c6W)

with the notation 6W for a change in a Brownian motion after the passing
of a finite time interval 6t:

SW := W (t + 8t) — W(t) = §W ~ N(0,6¢) (1.8)

— The first term in the exponent refers to (already known) values at time ¢.
It can also be absorbed into the (still arbitrary) pre-factor

S(t + 6t) = So(t)e”™V® exp (ubt + a6W)
N———
So(t)
— Initial condition for the solution of the SPDE:

S(t+6t) "=0S(H) = So(t) = S(1)
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— Thus, we obtain the change in S corresponding to Equation 1.7 or 1.5 over
a finite time span 6t:

S(t+ 6t) = S(t) exp (bt + c6W) with W ~ N(0, 6t) (1.9)
e The finite time span 6t can be taken to be arbitrarily long. 6t is taken to be the

liquidation period.

1.2 Value at Risk of a Single Risk Factor

e Consider a portfolio consisting of a single position in N of the same risk factor

S.
V =NS(t), 6V(t) = N6S(t) with 8S(t) = S(t + 6t) — S(t)

— The change in S induces a change in V amplified by the constant factor
N.

— The factor N is the sensitivity of V with respect to S.



1. FUNDAMENTALS

— 6V is a linear function of 6.5.

e The value change 6V over the liquidation period 6t follows directly from Equa-
tion 1.9

6V = NS(t+ 6t) — NS(t)
= NS(t) [exp (bt + c6W) — 1] (1.10)
e The VaR as defined in Equation 1.2 is:
cpfsy (8V < —VaR) = cpfsy (NS(t) [e"‘sHU‘SW — 1] £ —VaR)

— cpfyy is unknown. But: The only stochastic variable involved is the Brow-
nian motion:

SW ~N(0,6t) = 6W ~ X6t with X ~ N(0,1)
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— Rewrite the event that 6V < —VaR with the purpose of isolating 6.

VaR
~ wily) — pot

g

In (1
cpfsy (8V < —VaR) = cpfsy | 6W <

= cpfsy ((SW < m/&)

with the abbreviation
In (1 - Rl ) - et
a:=
o6t

e The probability that 61 is less than or equal to a certain value is dependent on
the distribution of §W alone and not on that of §V. We can therefore simply

replace cpfgy with epfgy
cpfsy (8V < —VaR) = cpfsw (6W < a\/&)
= cpfsw (X\/(% < m/&)

= cpfsw (X < a)

(1.11)
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The probability that X is smaller than a particular variable is dependent on
the distribution of X alone and not on that of 6W allowing cpfsy, to be simply
replaced by cpf y =N(0,1)

Pl (5 < ~VaR) = epfx (X < a) = —= / exp(—/2)dz

The Value at Risk with respect to a confidence ¢ follows now from the require-
ment

cél—cpf(sv(évg—VaR —1——/ exp(—2?/2)dx
a in 1.11 is thus the (1 — ¢)-percentile of the standard normal distribution
_ AN(0,1)
=W

Solving 1.11 for VaR finally yields the value at risk of a long position in N risk
factors:

VaR(c) = NS(t) [1 —exp (uét + Q0D o5t )} (1.12)



1.2. VALUE AT RISK OF A SINGLE RISK FACTOR
— Examples of percentiles of the standard normal distribution:

c=9%=0,95=a=Q]"%" ~—1,65

c

c=99%=0,99 = a=Q\"" ~ —2,326

e Analoguously: the VaR of a short position in — N risk factors S is

VaR(c) = =NS(t) [1 — exp (uét - Iff}él)am)}
e These two VaR’s are not equal, due to

— the drift p

11

(1.13)

(1.14)

— lognormally distributed price changes. The lognormal distribution is not

symmetric.
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1.3 Approximation for the Risk Factors

e For short liquidation periods (e.g., 6t = 10 days = 0,0274 years): exp(z) ~ 14z
and/or p =~ 0:

S(t) [e"‘sw - 1] 1 neglected
6S(t) = ¢ S(t) [ubt + o6W) linear proxy for exp (1.15)
S(t)osW 1 neglected and linear proxy

— That means for the Value at Risk of a long position in N risk factors S

NS(t) [1—exp( 1OV o/t ] p =0
VaRiong (c) ~ NS(t) [—M(St — if)él)a\/g exp linear
—~NSH)QY“:  ov/bt 1~ 0,exp linear
(1.16)
N (0,1)

— VaR of the short position: the only differences are signs of N and @,

e Long and Short VaR equal only if
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— linear approximation and
— drift is neglected and

— portfolios value changes are (approximately) linear function of underlying
risk factor (Delta-Normal approximation)

e Only in this case: square root of time law and the linear scaling with percentiles:

, /
VaR(c, §t') ~ %‘” \/‘Z—tt VaR(c, 6t) (1.17)
1—c

1.4 The Covariance Matrix

e In general n (often hundreds of) risk factors modeled by random walks obeying
the coupled stochastic differential equations

dln S;(t) = pdt +dzZ; for i =1,2,...,n (1.18)
e Here dZ; are correlated drift-free Brownian motions with covariance
covldZ;,dZ;) = d%;; , E[dZ;] =0
with d¥i; = pij 03Vt 06t = oipijo;dt (1.19)
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— o0; = volatility of Z;, i.e. of risk factor .S;
— pij = correlation between Z; and Z; , i.e. between S; and S}
— dX;; is called covariance matriz.
e Notation:

X ~NR,V) =

X; normally distributed with

COV[Xi,Xj] = VLJ y E [Xz] = Rz‘

ie.
dZ,
dZs
dZ = ) ~ N(0,dX)

dzy,

o After a finite time 6t:
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— Solutions as in 1.9 to the stochastic differential equations 1.18:

S (t + 6t) = S;(¢) exp (6t + 62;) with §Z ~ N(0,6%) (1.20)

— with the covariance matrix

6211 5212 e e 6217;
%1 e L 63,

oY = : 5%, : where 0%;; = 0;p; jo;6t
6En1 6En2 e e 6E7m

for i,7=1,2,...,n (1.21)

— Here, 6t is the reference time interval for the change in the risk factors,

x 1l.e. 0t = 1 day for a daily changes in the risk factors,
x 0t = 25 days for a monthly change, etc.
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e Proxy for 65;(t) = S;(t + 6t) — S;(t) over a short time 6t:

Si(t) [e‘sZi — 1} drift neglected
65;(t) = ¢ S(t) [u6t + 67;] linear proxy for exp (1.22)
S(t)6Z; drift neglected and linear proxy
— Usually:
68;(t) = S;(t)6Z; with 6Z ~ N(0, %) (1.23)

1.4.1 Cholesky-Decomposition of the Covariance Matrix

e The symbol 1 denotes the identity matrix

N (
0 -~ 0 1

e The matrix A denotes the “square root” of the covariance matrix

AAT=6% (1.25)
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— AT denotes the transpose of the matrix A.:

(A7), = Ay,

)

e A transforms uncorrelated random variables into correlated ones (with covari-
ance 6%.):

— Let X;,2 =1,...n be uncorrelated:
X1
X = : with X ~ N(0,1) (1.26)
Xn
* more explicitly
X; ~N(0,1)Vi=1,...n, cov[X;, X;]=6;; Vi,j=1,...n
— Applying the matrix A to X generates new random variables Y:

Y = AX =Y =Y ApXi
k
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— Since this is a linear transformation, the Y; are also normally distributed.

— Covariances of the new variables:

COV[Y;‘, Y]] = COV[Z Aikaa Z Aijm]

k m
= Z Aik: Z AijOV[Xk, Xm]
k m \T_/

_ ; ApAsy, = (AAT)U = 6%

— The expectations of these random variables are

ElY;] = E[; A Xy) = ZAM% =0

k 0

— Therefore:
AX =Y ~ N(0,6%) (1.27)

e The inverse A~! transforms correlated random variables into uncorrelated ones.
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— Let Y;,7=1,...n be correlated multivariate normally distributed random
variables with covariance 6.

— Then the transformed variables X are uncorrelated and standard normally
distributed:

X =AY ~N(0,1) (1.28)
e Explicit construction of matrix A iteratively via Cholesky decomposition:

0 for j <i

i—1
52” - A2 for j =1
Aji = \/ 2 A J (1.29)
i—1
% <6Eﬂ — Z Azk Ajk> fOl"j > 1
” k=1

— with 6%;; as given in Equation 1.21:

o2t for j =i
62ji o { Pij UiO'j(St for j #Z

— Begin with 4 =1, j = 1 and proceed by solving for A;; for all j.
— Subsequently set i = 2 and solve for A;s for all j. Repeat the procedure.
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1.5 The Variance-Covariance Method

e Vector of risk factors:

e Linear approximations of the risk factor evolutions throughout (see 1.15):

8Si(t) ~ S;(t) (bt + 62:) ~ Si(t)8Zi (1.30)

e Main idea: Expand portfolio value V in its Taylor series.
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— Portfolio value change §V(S) up to second order

v & _
~ ; A; 67; + 5 ; 6Zi1“ij (SZj (1.31)

— First “~”: broken off the Taylor series for portfolio value V after 2nd order
terms,

— Second “~”: linear approximation of the risk factors S;
— Third “~”:drift neglected.
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Second order proxy for 6V is called Delta-Gamma approximation
First order proxy for 6V is called Delta approzximation

Abbreviations A; and I';; denote the risk factor sensitivities of V:

ov 0?V

Ai::a_si7 Pij::ma

ij=1,...n

I';; (sometimes called Hessian matriz) contains also mired partial derivatives.

The sensitivities usually appear in connection with the current levels S;(t) and

Sj(t)Z

- v 0*V
A; = Si(t)ﬁ o Ty o= 8;(t)5;(¢) 95.0S.
3 L

(1.32)
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e Delta-Gamma Proxy for 6V in vector form:

57,
Vs = (A - A )|
67,
. f1,1 f1,n YA
~(6zy --- 62, . : :
1 (e I B
Fn,l o Fn,n 6Z”l
= ZT6Z+%6ZT1~“<‘5Z

e Taylor-approximations for a straddle (a portfolio made up of a call and a put)
are presented in Figure 1.1.
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50

45 \ !
\\ exact //
40
\ - - = Delta Proxy /
351 \\ — —Delta-Gamma Proxy /
@ 301
2
£
-]
£ >
B
© 20 ..
15 4
10
54 el

T T T T T T
60 70 80 90 100 110 120 130 140
Underlying

Figure 1.1: Black-Scholes price of a straddle (strike = 100, time to maturity = 1
year) on an underlying S (vol 25%, dividend yield 6%, repo rate 3%). The dashed
line is the Delta-Gamma proxy, the dotted line is the simple Delta proxy. The Taylor
expansion was done around S = 95.
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1.6 The Delta-Normal Method

e Taylor series 1.31 of the portfolio value only up to the linear term:

SV(S(t)) ~ g—gzﬁ&(t) (1.33)

~ i& (it + 87;] =~ Z A;67; = ATSZ

1.6.1 Value at Risk with respect to a Single Risk Factor
e For a single risk factor with the portfolio sensitivity A := 9V/0S:

SV(S(t)) ~ A8S(t) (1.34)

e A portfolio with a linear sensitivity A can be intuitively interpreted as a portfolio
consisting of A risk factors.

— The value at risk is thus given either



26 1. FUNDAMENTALS

* by Equation 1.12 with the correspondence A=N for A > 0 or
*x by Equation 1.14 with the correspondence A= — N for A <0

e In any case: V is linear and in consequence, a monotonous function of S. There-
fore, in the sense of Equation 1.4

VaRy (c) ~ max{ﬁ [1 — exp <u6t + Qlfca\/&ﬂ ,
A [1 — exp <u5t — Ql_co\/gﬂ} (1.35)

— As usual: A = S(¢)A and Q;_, is the (1 — ¢)-percentile of the standard
normal distribution.

e The maximum function in Equation 1.4 effects the correct choice for the VaR.

— For A > 0, the lower bound of the confidence interval of the risk factor is
relevant

— For A < 0, the upper bound of the confidence interval of the risk factor is
relevant.
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e Now: Approximate the risk factor change with Equation 1.30:

VaRy (c) ~ max{ﬁ [fuét — Ql,cax/&} A [—,uét + Qlfcax/&}}
= max {—ﬁQl_CG\/&, +£Q1_CU\/E} — ﬁuét
= ‘ﬁQl,CG\/&) — Apuét (1.36)
— In this proxy, the maximum function produces precisely the absolute value
of the risk which is caused by the volatility of the risk factor.
— A positive drift p of the risk factor

x reduces the portfolio risk when A>0

x increases the portfolio risk when A<0

e We were able to deduce information about the unknown distribution of the
portfolio’s value V from the known distribution of the risk factor S!
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1.6.2 The Value at Risk with respect to Several Risk Factors

e Avoidance of the unknown distribution of V' is only possible within the roughest
approximation in 1.30:

e Squaring both sides of 1.36 with y = 0 yields:

o2t
t)2o?6t
)2var [6Z]
[65(2)]

VaR% (c) ~ A? (Q1— c)
A Q1) S(t
= A%(Q1-.)? S(t
A?(Q:- C)2 var

e On the other hand, the variance of V is

var [6V] & var [ASS(t)] = A?var [6S(t)]
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e In this approximation the (square of the) Value at Risk of the portfolio can be
expressed in terms of the variance of the portfolio:

VaR? (¢) = (Q1_.)* var [V]

e Now, only the variance of the portfolio’s value needs to be determined not its
entire distribution nor its percentiles!

e This is also true for several risk factors in the approximation 1.23, i.e.
n

8V ~ Y Ai6Z; = VaRy(c) ~ Q1—cy/var [8V]
=1

e The variance of a sum of random variables is simply the sum of the covariances
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of these random variables:

n

var [6V] = Z cov [0Z;,67;]
Z A;6% (1.37)
j=1
= Z Eiaipijo'j&;
ij=1

e Thus the Value at Risk is
VaRy (¢) & Q1—c\/var [§V]

= Q1_.VASTA
= Ql_C\/&\l Z &iUipijO'jﬁj (138)

i,7=1

e This is the central equation for the Delta-Normal method.
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e The mean return can be introduced into approximation 1.38 after the fact anal-
ogously to the single risk factor case:

VaRV(C) ~ Qlfc\/g Z ﬁiaipijajﬁj — 6tz& i (1.39)

ij=1
e Summary of the Delta-Normal approach to the calculation of the Value at Risk

— Calculate of the sensitivities A; of the portfolio with respect to all risk
factors S;.

— Multiply the covariance matrix 63 with the portfolio sensitivities A; and
the current risk factor values S; to obtain the portfolio variance as in 1.37.

x The covariance matrix’s elements are products of the risk factor volatil-
ities and correlations as in 1.21.

— Multiply the portfolio variance as in Equation 1.38 with the liquidation
period and the square of the percentile corresponding to the desired confi-
dence interval (for example, 2.326 for 99% confidence).

— The square root of the thus obtained number is the Value at Risk of the
entire portfolio, neglecting the effect of the risk factor drifts.
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— The effect of the mean returns can be taken into consideration as in Equa-
tion 1.39.



2 Essential Statistical Tools for 2nd
Order VaR

2.0.3 Moment Generating Functions

e The moment generating function (in short MGF) of a random variable x with
density function pdf(z) is defined as the expectation of e** for an arbitrary real
value s

G.(s) = E[e*] = / e pdf (z)dz (2.1)

—00
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e The MGF has very useful property: If two random variables x and y are inde-
pendent then

Gty () = Guls) Gy (5) (2.2)

— The distribution of a sum of random variables is generally very difficult to
determine (as we will see below).

— The MGF of such a sum, in contrast, is simply the product of the MGF's
of each of the individual distributions!

— The random variables in the sum can be governed by completely different
distributions, as long as they are all statistically independent.

— Equation 2.2 is quite simple to prove (independence is needed in the second
to last step):

Griy(s) = E[e*@F9)] = E[e*"e™¥] = E[e**|E[e®Y] = G.(s) Gy (s)
e Similarly, for all non-stochastic values a,b and random variables  we have

Gaziv(s) = e*G,(as) (2.3)
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— The proof is also quite simple:
Gax+b($) _ E[es(aerb)] _ ebsE[e(as)z] _ €SbG$(CLS)

e The most famous property (which gave the function its name), however, is that
differentiating the MGF with respect to s at s = 0 yields all moments of the
distribution:

"Gy (s)

s=0

— This can be shown by Taylor-expanding e** and then differentiating with
respect to s.

e The central moments of a random number = with expectation u = E[z] are the
moments of the random number = := z — p.

— Equation 2.3 yields for the moments of

G3(s) = Ga—p(s) = e Gy(s) (2.5)



36 2. ESSENTIAL STATISTICAL TOOLS FOR 2YP ORDER VAR

— Thus, the central moments of z can also be calculated directly from the
MGF of z :

13

E[(z - Efz])"] = 68? exp (—sE[z]) Gu(s) B (2.6)

— The general procedure for calculating central moments is therefore:

x first calculate the expectation using Equation 2.4.

* Then insert the result into Equation 2.6 for the central moments.

e For many distributions an explicit analytical expression for the MGF can be
obtained from the integral representation 2.1.

e The moments can then be calculated by simply differentiating this analytical
expression.
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Example: The Normal Distribution
e The MGF of the standard normal distribution is, by Definition 2.1

ST 1 * ST —ﬁ
Gno,)(s) = E[e™] = \/_27/ e*em T dx

_ 1 /OO ox {_w2—2sx}dx

CVor ) P 2

- 1,y 1 [ (z —s)?
_exp<23>m/ooexp{ 5 dx

1

— We completed the square in the last step.

— The remaining integral is the probability that a N(s, 1)-distributed random
variable will take on any value.

e The moment generating function of the standard normal distribution is thus
simply

Gn(0,1)(8) = exp <%$2> (2.7)
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e The moment generating function of the normal distribution with expectation u
and variance o now follows from 2.3

1
Gt (5) = " Go(03) = exp (s + 5077 28)

— From this explicit analytical expression, all moments can be calculated
using Equation 2.4.

3

e The MGF for the central moments is even simpler in this case:
0
E[(z — E[z])"] =

1
5ar P (—sp) exp (us + 502$2>

o 1
= % exXp (50’282)

— From this, the first few moments are calculated as:

s=0

s=0

Elz] =
B[(z - E[z])’] = 0 (2.9)
El(z - Ele])"] = 30
E[(x —E[z])"] =0 for all odd n > 2
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e From these moments the skewness and the curtosis of the normal distribution

follow directly:

_ _EBl@ B’ _
Skewness := Bz — B2 P2 0
. E[(z —E[z])?] _
Curtosis := —E[(:c “E))? 3 (2.10)

2.0.4 Characteristic Functions

e Similar to MGF, the characteristic function (in short CF)of a random variable
x is defined as the expectation of e*%:

®,(s) := E[e’*] :/ T pdf(z)dx (2.11)
— Here i denotes the imaginary number satisfying i = —1.

— The CF is just the Fourier transformation of the pdf .
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e The advantage of the CF is that its inverse, the inverse Fourier transformation
always exists:

pdf(z) = — / T e, (5)ds (2.12)

=5 N
e The validity of Equation 2.12 can be shown quite easily:

1 o0 . 1 o i oo L,
o e TP, (s)ds = — e_“”””/ e pdf(x')da’ds
—0o0

271— —0o0 —0o0
= /OO L /OO e~ @ =) qg pdf(2')da’
S(x—a’)
= pdf(z)

— where the Dirac delta function was used.

e Thus, if ®, is known, then the distribution can be computed directly (and not
only its moments as was the case with the MGF).
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e Analogously to the MGF, Equation 2.2 holds for the characteristic function as
well, i.e. for independent random variables z and y:

Dopy (5) = Du(s) By (5) (2.13)

e Likewise, for non-stochastic values a,b and a random variable x

Dopin(s) = e D, (as) (2.14)

e The CF can (usually) be obtained by simply substituting is for s in the corre-
sponding MGF.

— For instance, the CF for the normal distribution is:

- 1
Px(p,02)(8) = €Dy (0,1)(05) = exp (ius — 50232> (2.15)

2.0.5 The y*-Distribution

e A sum of normally distributed random variables is itself normally distributed.
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2. ESSENTIAL STATISTICAL TOOLS FOR 2P ORDER VAR
In the Delta-Gamma method we will also need to take sums of the squares of
random variables.

The sum of n squared, independent, standard normally distributed random vari-
ables, x;, (i = 1,... ,n) has a distribution known as the x2-distribution with n
degrees of freedom

n
2~ NO,1), i=1,..,n, x; iid =Y af =1y~ x*(n) (2.16)
i=1
Motivation for the name “degree of freedom”:

— A x?(n)-distributed variable can be thought of as being “made up” of n
independent (standard normal) random variables.

We only need the case n =1

— The square of a standard normal random variable x is governed by the
x2-distribution with one degree of freedom.

r~N(0,1) = 2% =y ~ x*(1) (2.17)
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e The moment generating function of x?(1) is

T
Gy1)(s) = Bl I = E/ e e 2y (2.18)

— This integral can be solved analytically:
1
V1—2s

e Since the random variables in Definition 2.16 are all independent, Equation 2.2
directly gives the MGF for a y2-distribution with n degrees of freedom

GX2(1)(S) = (2.19)

1

m for n= 1,2, N (220)

GX2(n)(S) =
e From this, the moments can be derived by differentiating with respect to s:

k—1

E[z¥] 2 = H(n + 2i) (2.21)
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— For example, the expectation and variance are given by

Elz]y2() =n, var[z] 2, =2n
e An explicit expression for the density function of x?(1) is derived in [12]:

1 ,I .
pdf,2(yy(z) = ﬁx 1/267/2 with € [0, 00] (2.22)

e It it also shown in [12] that the x?(n) equals the gamma distribution with
parameters A = 1/2 and t = n/2:

n/2
1 1 n
pdfxz(n)(x) == W <§> 133_16_;8/2 with z € [0,00[ , N = 1,2, ce

— The gamma functions appearing here are:

(n/2 —1)! for even values of n

I'(n/2) = { (n/2—-1)(n/2—-2)(n/2—-3)---(1/2)y/7  for odd values of n
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o The characteristic function of the y2-distribution is obtained by replacing s with
is in the MGF:

1

W fOI‘ n = 1,2,... (224)

®X2(n) (5) =

The Non-Central y2-Distribution

o The y2-distribution described above is the distribution of a sum of n squared
independent standard normal random numbers z;, (i = 1,... ,n).

e Now: a slight but often needed generalization: the x; have expectations p; # 0.

e The distribution of a sum of n squared random numbers of this type is called
the non-central x2-distribution with n degrees of freedom and with non-central
parameter 6, where 6 denotes the sum of the squared expectations p;:

:cle(,ul,l) y z':l,...,n , X 1d
-

: i=1
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e The square of a single random number x ~N(0, 1) has the non-central x2-
distribution with one degree of freedom:

x~ N0, p) = 2% =1y ~ (1, 1%)

e The MGF of the non-central y2-distribution is:

2

G212 (5) = B[e™ N
1 o0
L[
V2T J_so
1 > 2 1 2
= — e st — = (x — dx
%/OOXP{ 5 ( u)}

e By completing the square in the exp-function this integral can be solved ana-
lytically to yield:

2? — (=) /2 g,

G (5) = — Si (2.26)
x2(1,u2)\S) = mexp 125 .
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e Equation 2.2 now immediately yields the MGF for a non-central y2-distribution
with n degrees of freedom:

1 56 Zn
G , - - - 'th 9 = 2 2'27
x2(n.0) () 12" exp { 1— 23} s = H 220

e The characteristic function, Equation 2.11, of the non-central y2-distribution
follows again by replacing s by is in Equation 2.27.

1 is@ ) 2L,
Dy2(n,0)(s) = W €xXp {1—223} mit 6 = ;uj (2.28)
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2. ESSENTIAL STATISTICAL TOOLS FOR 2YP ORDER VAR



3 The Delta-Gamma Method

e Taylor expansion 1.31 of the portfolio value up to second order with proxy 1.30
for the risk factors:

SV(S(t)) = KT6Z+%6ZT1~“6Z (3.1)
— where
64 ~ N(O, 62) — COV[(SZZ‘, (SZJ] = O’l‘pijUj(St , E [(SZl] =0

49
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e This is not the sum over the contribution of each risk factor:

n n n

- 1 -
E N;8Z; + 3 E 02045025 # E (Contribution of the i-th Risk Factor)
[ i, [

— The contributions of the §Z; are coupled by the Gamma matrix T.
— The 6Z; themselves are correlated through the covariance matrix §%.

— The VaR can not be obtained from the distribution of the individual risk
factors. The (unknown) distribution of the portfolio value 6V itself must
be determined.

e Three steps
— Cholesky decomposition of the covariance matrix 6% to transform the 6Z;

into independent random variables.

— Diagonalisation of the Gamma matrix I' to decouple the contributions of
the (SZJ

— Determination of the distribution of 6V.
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3.1 Decoupling of the Risk Factors

e Via Cholesky decomposition a matrix A can be constructed satisfying the prop-
erties 1.25 and 1.28, i.e.

AAT=6% — A"16Z ~ N(0,1)

e Introduce identity matrices into Equation 3.1 and replace them with AA™*
or (AT)=1AT:
~ 1 ~
sV(S(t) =AT1 6Z+§6ZT 1T16Z

= AT AA™! 6Z+%6ZT (AT TATT AA 1 67
= AT AA™! 6Z+%6ZT (A"HTATT AA 1 67

—ATA (AT 5Z)+%(A*152)TATFA (A" '62)

e §Z only appears in combination with A1,
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— A16Z are #id random variables! Thus, the first goal has been accom-
plished:

§V(S(t)) =ATA 6Y+%6YTM §Y
with §Y:= A"'6Z ~ N(0,1) , iid (3.2)
and M:=A'TA

— Because T is by definition a symmetric matrix, i.e. fij = fji, the newly
defined matrix M is symmetric as well.

— The 6Y; are independent, identically distributed ( iid) standard normal
random variables.

3.2 Diagonalization of the Gamma Matrix
e Diagonalize the transformed Gamma matrix M.

— Standard procedure in linear algebra (see [25], for example).
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— We scetch the procedure here since it entails essential elements of the prac-
tical VaR computations in the Delta-Gamma method.

e The eigenvectors e’ of a matrix M are the vectors which are mapped by M to
the same vector multiplied by a number (called scalar in algebra):

Me' = \e! &
(M—-X\1)e' =0 (3.3)
e These scalars, \;, are called eigenvalues of the matrix.

e This has a non-trivial solution (e’ # 0) iff the matrix (M — ;1) is singular, i.e.
the determinant must be zero:

det (M—\;1) = 0 (3.4)

— The solutions of this Equation 3.4 are the eigenvalues ;.

— Once they have been determined, they can be substituted into Equation
3.3 to determine the eigenvectors e’.
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— The eigenvectors are yet only defined up to a multiplicative scalar since if
e’ solves Equation 3.3 then ce’ does as well. Demand that the eigenvectors
have norm 1:

(ehTel =1 (3.5)
e A symmetric n X n matrix has n linearly independent orthogonal eigenvectors.

e Together with the normalization the eigenvectors are orthonormal:
(ei)Tej = Z eiei = (Sij (36)
E

— Notation: €} is he kth component of the ith eigenvector.

e Now construct a matrix O whose columns are the eigenvectors of M:

d 4 oo
O—( el g2 e" ) = ¢ 4 : = 0;; =€’ (3.7)
= = i =€l )

n
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— As can be immediately verified
ofo=1 (3.8)
— from which it follows that
o'=0"'=00"=1 (3.9)

— Equation 3.8 characterizes orthonormal transformations. (graphically: ro-
tations)

e The eigenvalues can be used to construct a diagonal matrix:

) VR | 0
A= | O . (3.10)
O A’Il

e Now Equation 3.3 can be written as

MO = O\ (3.11)
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o Multiplying both sides of this equation on the left with the matrix O yields
(with Equation 3.8)

O"MO =070\ =\ (3.12)
— This the desired diagonalization of M, since A is a diagonal matrix:

o Now introduce the diagonalized matrix O” MO into Equation 3.2 by inserting
identity matrices and subsequently replacing them by OOT (see Equation 3.9):

§V(S(t)) =ATA1 6Y+%6YT 1M16Y

- &TA00T5Y+15YT00TM00T5Y
2 e o’
A

— ATAO (075Y) +% (075Y)" A (0T 5Y)

o The parentheses emphasize that §Y appears only in combination with OT. In
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consequence, we can write

§V(S(t)) =ATAO 6X+%6XT/\6X
with §X:= OT§Y = OTA ™ '6Z (3.13)
and A:= 0'MO = OTA'TAO

— The 8Y; were iid, standard normally distributed.

— It is easy to show that the covariances remain invariant under the trans-
formation OT'. Since matrix multiplication is a linear transformation the
new random variables 6 X; remain normally distributed, i.e.:

§X ~N(0,1) , did

o With the “transformed sensitivity vector“ L : = OTATA the portfolio-change
has the simple form

sV (S(t)) = LT 6X+%6XTA5X with §X ~ N(0,1) (3.14)
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— expressed component-wise

K2

1 2
SV(S(t) =) [Lz- 6Xi+§)\i6Xi} = ;a‘vi
with §V; = L; 6Xi+%/\i6Xf ,i=1,...,n (3.15)

— Now the value change is indeed a decoupled sum of the individual contri-
butions of 7id random variables!
e At this stage, we collect all transformations involved :
§X :=0TA"16Z , \:=0TATTAO, L:=0TATA

— Because OTA™! = O~1A~! = (AO)™" (sec Equ. 3.9) all these transfor-
mations can represented by a single matrix

D:=AO (3.16)
e With this matrix, the transformations become simply

§X: =D %z, »:=D'I'D, L:=DTA (3.17)
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e The matrix D

— directly diagonalizes the Gamma matrix r (as opposed to O, which diag-
onalizes the matrix M )

— and is also a “square root” of the covariance matrix:
DD” = A0 (AO)"= AOOTAT = A1AT = AAT = 4% (3.18)

— The matrix D satisfies both tasks, namely the decoupling of the Gamma
matrix and the transformation of the correlated random variables into
uncorrelated ones.

— With the matrix D the equivalence of Equations 3.14 and original 3.1 is
immediate:

AT 1 - _
ov(8(t) = (DTA) D~'6Z+5 (D"'6z)" D' TDD g/
— ATDDY5z+262" (D") ' DT F DD L5z
—— 2 ——

1 1 1
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3.3 The Distribution of the Portfolio-Value Changes

e 6V is not simply the sum of normally distributed random variables. It also
includes the square of normally distributed random variables.

— The square of a standard normally distributed random variable is y2-
distributed with one degree of freedom.

— This we can write 3.15 as
n 1 n - -
SVSH) = LidX; +=> MNX; where 6X; ~N(0,1), X; ~x3(1
(5(2)) ; 5 ; (0,1) X~ (1)
o The X’i are not independent from the 6 X; since obviously:
X; = (6X;)? Vi
e We now re-write 6V so that every term is statistically independent of every
other term.

e 0X; is independent of every other term in 6V if the corresponding eigenvalue \;
is zero.
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— We emphasize this by the index set J which contains only the indices of
non-zero eigenvalues:

J={1,...,n|\ #0} (3.19)

— With this index set we can write

SV(S(t) =  Li6Xi+ Y L;j6X;+ % > N6XF (3.20)

i¢J JEJ jeJ
1
=Y LiéXi+ ) {Lj 5X; + 5&5}(5}
i¢J jeJ

e The first sum is a sum of normally distributed random variables.

— It is again a normally distributed random variable which we denote by uy.

— The expectation of this random variable is

E[ug) = E lz L; 6XZ-] = LE[§X,]=0
¢ = Ty
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— Its variance is

var [U()] = var lz Ll 6X;| = Z cov [Ll 5X1, Lj 5Xj]

i¢.J ij¢d

Z LiLjcov [6X;, 6X;] ZL2
—,_/

i,j¢J 51 i¢gJ

— Thus

ug =Y L 6X ~N(0,3 L?)

i¢J igJ
e Consider now the sums over j € J in Equation 3.20.

— To combine the dependent random numbers 6X; and §.X Jz into one single
random number, we complete the square:

1 1 L; 1 Li\?> L2
“NOXZ 406X = =) (6X2 426X, ) ==N (60X, + L) — =L
5AOXG + Ly 8X, 2AJ<6 F+ Aj& J) 2AJ<6 J+Aj) DY
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— Since 0.X is a standard normal random variable we have

] L.
§X; ~N(0,1) — 6Xj+ﬁ~N<—J,1)
Aj Aj

o Therefore, u; := (6X; +Lj/)\j)2 has a non-central x2-distribution (see 2.25)
with one degree of freedom and non-central parameter L?/\3:

L\’ L?
<(5Xj + /\—j> =iu; ~ X2 (1, )\_;> Vied
J J

e In summary, 6V has now become a sum of

— non-central y2-distributed random variables Uj
— plus a normally distributed random variable ug

— plus a constant,



64 3. THE DELTA-GAMMA METHOD

— and all the random variables are independent of each other:

1 1
SV(S(t)) =uo+ 5 > Ajuy - 3 S L3N (3.21)
JjeJ JjeJ
R

constant

with ug ~N(0,Y LF) , uy ~x* (L, (L;/A)?) , GeT
i7

e The problem now consists in determining the distribution of the sum of differ-
ently distributed independent random variables.

— Remember: the Value at Risk at a specified confidence c is computed from
the percentiles of the distribution of §V.

3.3.1 DMoments of the Portfolio-value Distribution

o We first calculate moments of the distribution of §V.

e For this we differentiate the Moment Generating Function (MGF) defined in
2.1 (see 2.4).
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— The MGF of the N(0,> .. ; L?) -distributed random variable ug is

Gl (8) = exp (% 2y L?) (3.22)

igd

— The MGF of a x?(1, (L;/\;)?)-distributed random variables u; are

G, (s) = (3.23)

! ex 5 L—f e J
125 P 1—2.9)3 0

« well-defined for s < 1/2, which is sufficient for us since we need it for
s close to zero.

e The MGF of 6V in 3.21 follows directly from the properties 2.2 and 2.3:

j€J

2
Gsv(s) = exp {Sz ;Tj} G (8) H G’uj(%Ajs)
J jeJ
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e Inserting the above expressions for G.,, and G, yields (after simple rearraning):
Gsv(s) =exp (1 SZZL2> H éexp{llgi} (3.24)
7 / J1 — )\ :
e Trick: Since A; = 0 for all ¢ ¢ J, we can re-write the first exp-function:

. )\ 1,5\ 1 1, s
exp<§s ZLZ->_H€XP<§SLZ‘ -~ =ser 3

i¢J i¢J i¢J

e Using this form in Equation 3.24 allows us to write 6V very compactly as a
product over all indexes j=1,...,n

S

- 1 1 2
= — ¢ L2
) j1;[1‘/1_/\13 Xp{? Jl—)\js}

Gsv (s

(3.25)

— This is well-defined for all s < minjes (ﬁ), which is sufficient for our

needs since we are only interested in values of s close to zero.
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e Now, using 2.4, arbitrary moments of 6V can be computed by differentiating

3.25.

e We first abbreviate the argument of the exp-function in 3.25 as

232

Jl—)\js

1
aj == §L

e For the first moment we need the first derivative.

— Application of the product rule yields

BsV] = 0Gsv(s)

s=0

e

[0 eu
i=1 (as Vi- AJS) k—g?éj V1= Aes

s=0



68 3. THE DELTA-GAMMA METHOD

— The derivative we need to calculate is

0 e% 0 1 1 0

aj aj

831/1—)\j8 ¢ 83\/1—)\j8 \/1—)\j8836
1) N 3 L3e 25 A s?
= x0T VTN \ L= Ais 0 (1= Xys)

(

1 e 52
()

2(1 )\Js) 1—A

— For s = 0 almost all terms vanish and we are left with \;/2. Thus E[6V]
is simply

n

ak 1
evi=3on 11 7= =32y

=17 kedkA) =0

N =

e This is by definition one half times the trace of the eigenvalue matrix A\. With
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Equations 3.17 and 3.18 this becomes:

E[§V] = %tr (\) = %tr (p"TD) = %tr (fDDT) - %tr (Tsx)  (3.26)

— Note that the drifts of all risk factors have been neglected.

— But still the expectation of the portfolio changes (the drift of the portfolio)
is not zero because non-linear effects were taken into consideration.

— The Gamma matrix gives rise to the drift of 6V.

e To find out more about the distribution of 6V, we proceed by computing its
variance.

e The variance is the second central moment which can be calculated via Equation
2.6:

var[§V] = E[(§V — E[§V])?]
= 5_322 exp (—sE[6V]) Gsv ()

s=0
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— Doing the (tedious!) differentiations finally yields

var[6V] = <L§ + %A?)

Jj=1

e The sum Y L? is just the square of the transformed sensitivity vector and > /\§
is the trace of the square of the the matriz of eigenvalues, i.e.

var[6V] = LTL + %tr (3)

e With the transformations 3.17 and the property3.18, the variance of the port-
folio’s value becomes

var[sV] = ETDDTEJF% tr (DT DD T D)
- KT(SZK—% tr (f 5T 52) (3.27)

— The first term resulting from the linear portfolio sensitivities A is identical
to the portfolio variance in the Delta-Normal method.
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— The non-linear sensitivities I" effect a correction of the linear portfolio vari-
ance.

e Analogously, one can continue to calculate further central moments of §V:

4 =E[6V] = %tr (f 52)
po = Bl(6V — B[sV])?] = AT6nA 4 tr ((F55)?)
ps = E[(8V — E[6V])?] = 3ATsE T 6% At tr ((f 52)3) (3.28)
ja = E[(8V — E[§V])Y] = 124765 (T6%)° A+3tr (Fe)*) + 303

— In this way, a great deal of additional information about the distribution
of 6V can be generated.
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— For instance skewness and curtosis of the distribution of §V are!
gy 3ATSET 6% At (D6x)°
3/2 — — 3/2

1 (AT&EAJF% tr (T 52)2)

Skewness =

12A76% (T6%)° A3 tr (Fox)*) +3u3

Curtosis = — =

~ ~ ~ 2
1 <AT62A+% tr (T 52)2>

e A percentile, however, is needed for the computation of the value at risk as given
in Equation 1.3.

3.3.2 Johnson Transformation

e Computation of a percentile necessitates knowledge of the distribution directly
and not of its moments.

e One way to proceed is to assume a particular functional form of the distribution.

1Recall that a normal distribution has skewness 0 and kurtosis 3, see Equation 2.10.
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— Then establish a relation between the parameters of this functional form
and the moments of the random variable via moment matching.

— Since the moments can be explicitly computed (using the MGF), the pa-
rameters of the assumed distribution can thus be determined.

e For example, one could assume that 6V normally or lognormally distributed.

— Then Equations 3.26 and 3.27 would determine the parameter values of
the assumed distribution.

e Additional functional forms for approximating the distribution of 6V were sug-
gested by Johnson [32].

— These Johnson transformations have four parameters which can be deter-
mined from the first four moments in Equation 3.28.

3.3.3 Cornish-Fisher Expansion

e Approximate the percentiles of a distribution from its moments and the (well
known) percentiles Q¥ .1 of the standard normal distribution.
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e First transform 6V into a centered and normalized random variable 8V :
~ 6V — E[6V 6V —
SV = [ ] _ W

o Narpv] Vi

e Cornish-Fisher expansion (see [10], [51]) for the percentiles of the distribution

of 6V up to the order involving the first four moments in Equation 3.28:

QCPfﬁ, ~ Ql\ on 4 l |:(QN (0,1))2 _ 1} M3
6 T

1 N (0,1 3 — N (0,1 ﬂ —
+ﬂ[(Q( )7 — 3N« >} <ﬂ§ 3) (3.29)

2

e The probability that SV is less than a number a is, naturally, the same as the
probability that 6V is less than p+ /3 a:

QCPféV A~ \/M—chpfﬂ/
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e From Equation 1.3, the Value at Risk is thus

VaR(c) = —QfPY ~ —p — /i Q7

— for Q°*sv approximation 3.29 is used with the (1 — ¢) percentile of the
standard normal distribution.

3.3.4 Fourier-Transformation of the Portfolio-Value Distribu-
tion

e Up to now the distribution itself has not been calculated directly.

e For this, characteristic functions (CFs) are neccessary.

e Asin 2.11, the characteristic function, ®,, of a random variable & with density
function pdf(z) is defined as the Fourier transformation of the density function:

®,(s) = E[e""] = /oo e pdf (z)dx (3.30)

—00
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— The CF of the N(0,3_,., L?)-distributed random variable uy is:

Dy, (s) =exp (%SQ Z L? ) (3.31)

igJ
— The CF of the x*(1, (L;/\;)?)-distributed random variable u; is:
2

1 is L7
B, (s) = S\ ey i=vaT (332
,(6) meXP{lms)\?} ped (3.32)

e The CF of the distribution of 6V is of course the same as Equation 3.25 for the
MGF with the obvious substitution s — is:

2 1 1 s2
Bsy(s) = [ [ ——=——=exp {—L2 : } with i=+/—1 (3.33)
jljl V1—1i\;s i8S

e There exists an inverse transformation for the characteristic function, namely
the inverse Fourier Transformation, see 2.12.
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— Thus the density function pdf(6V) can be computed explicitly (at least
numerically):

1 > .
pdfsy (z) = —/ e " hsy(s)ds

2r J_

R 1 1 52
—— —  expld—-IL?P—" sz bds
2%/_0011:[1\/12%3 p{ 2T =i\ }

(3.34)

— The cumulative distribution function of 8§V is obtained through the (nu-
merical) integration of this probability density

(@)= [ pdfyy()da

n _ 172 52 s
1 c oo exp { ELJ T)\]S ZSIE}
—— H . dsdx
2r J_ o ~c0 il V1—1i\;s
e The recommended method for numerically performing the Fourier transfor-

mation and inverse Fourier transformation is the fast Fourier transformation
(FFT).
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— The FFT reduces the number of multiplications from order O(N?) to
O(N In(N)).

— See, for example [4] oder [44].

3.3.5 Monte Carlo Simulations of the Portfolio-value Distri-
bution

e All methods above offer sufficient possibilities for error.

— Calculating the cumulative distribution of 6V with characteristic functions
involves complicated numerical procedures.

— Using moment generating functions, one needs additional assumptions and
approximations to establish a relation between the moments and the dis-
tribution or the percentiles.

— The Delta-Gamma method itself is only the second order Taylor approxi-
mation of the portfolio’s value.

— Significant difficulties and assumptions and approximations are often in-
volved in calculating the Gamma and Covariance matrices.
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e Hence a simple Monte Carlo simulation may not even be less accurate if a
sufficient number of simulations are run.

— Draw n standard normally distributed iid random numbers and compute
the simulated change in the portfolio’s value immediately from Equation
3.15:

V=Y {Li 6Xi+%)\i6X§]

i=1
— Repat this procedure N times (several thousand times) to obtain N simu-
lated changes 6V.

— The percentiles of the distribution can be approximated by simply sorting
the simulated values of 8V in increasing order.

— In this method a (lengthy) full valuation of the portfolio is replaced by
the 2nd order proxy for the simulated value change generated directly with
Equation 3.15.

— However, before the simulation can be performed,

x the eigenvalues of the transformed Gamma matrix 3.4
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+ and the transformed sensitivities L; first need to be determined.

x Because of Equations 3.17 and 3.16,
- the Cholesky decomposition of the Covariance matrix as well as
- the eigenvectors of the Gamma matrix must be computed.
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