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Abstract. A pricing method resulting in a closed formula is proposed for a large class of options
such as Best Of and Rainbow based on the analysis of the return profile of the option. We suppose
that returns follow a brownian motion and the usual hypotheses of the Black-Scholes model extended
for the multi-underlying/multi-currency case.

The result builds on a previous result, and expands the set of exercise conditions, to allow the use of
different reference maturities to define an adapted payoff. The result states that, if the return of an
option is a linear combination of the prices at maturity of traded assets multiplied by an indicator
function generated by an exercise condition, then, the pricing formula is also a linear combination of
the current market prices of the traded assets multiplied by a probability expressed in the risk-neutral
measure where the asset is the risk-free asset.

The proof the of the result uses the change of numeraire technique based on Girsonov’s theorem for
the multi-underlying/ multi-currency case.

We apply the method to develop closed formulas for Target Redemption options. Comparison results
of simulation are also presented.

1. Introduction. The aim of this paper is to expand further the universe of exotic options closed
formulas, developed in a previous work by the author[22]. The closed formulas are valid in the context
of the Black Scholes model but the usual generalizations can also be applied. Namely, to allow volatility
to be time dependent.

Instead of trying to find a pricing formula for one or more types of exotic options, a method is developed
that always results in a closed formula pricing function, given that some a prior: conditions are met. This
paper relaxes the original a priori conditions allowing comparisons of asset prices at different moments
in time.

The general form of the return profile of the option is a linear combination of traded asset prices. Each
term of the combination is associated with a set that determines whether the term is included at maturity
in the return or not. The set is defined in respect to the option’s underlying asset prices as a conjunction
of n subsets. Each subset is generated by a condition of the form SIe > SyT 7, where S;, S, are price
of traded assets, and T,,, T3 are moments in time earlier (or equal) than the option’s maturity date, so
that the return profile is adapted.

2. The Pricing Formula. Let the payoff profile be of the following form:

(8o, Sp) =D ki- ST T, ne N < oo, (1)
=1

where,
o k; € ]R,
e ST is the market value of the traded asset S; at time T

e I; is the indicator function of the set C; defined below.

The payoff profile is a linear combination of asset prices at maturity, where each term is multiplied by
an indicator function, that determines whether the term is realized or not.
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Theorem 2.1. The pricing formula for any exotic option ®7 is of the form:

(¢, ") = e 4(T=0 Y " | SIP9(Ch), n €N < oo
=0

where,

e S! is the market value of S; (t) at time t < T,

o PQi(C;), is the risk-neutral probability of the set C; when the asset S; is chosen to be the numeraire,

® q; = (T' - (df11 - dsq‘, - O—Sio-fripsifmi)))

o 1 is the risk-free interest rate of the currency on which ®T is expressed,

o dy,, is the risk-free interest rate of the currency on which S; is expressed,

o dg, is the dividend yield of the asset S,

e 0g, is the volatility of the returns of S;,

e 0., is the volatility of the returns of the foreign exchange rate between the currency of ®* and the

currency of S;, and

® D3, fz, 5 the correlation between the returns of S; and the returns of fx;.

Proof. Using as numerarie the risk-free asset expressed in the currency of ®7, with Q being its
risk-neutral measure, the diffusion model for the underlying asset prices in Q, is the following:

dst?
S’; =(r—gq)dt+og,dWg,

2

d <Wsi, WSj >t = Pi,jdt

with

q; *=T — (dfxl - dSi - O-Sio—fmipsz‘7f1i) and ’i,j = ]., ce

The pricing formula for TI(¢, ®7) is the well known result

F=e T 0E?[37],

zn: kST Hi] :

i=1

F=eTDEQ

Or equivalently, using the fact that E< is a linear operator,

F = (Tt Z k‘iEQ [SiT]Ii} )

i=1

, M.

Let Q; be the risk-neutral measure when the asset Sfe‘“lt is the numeraire, defined making use of the

Radon-Nikodym derivative:
dQ;
dQ

Following Geman, Karoui and Rochet [6],

STeaiT ert
3
T= o o
Steait erT

E° [STL] = E< {Sﬁi dg} )

do;

(5)
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Thus,

F=e 0N ") B {S? 1,42 }

i=1 dQ;

Steait T
—’I‘(T t) Qi T
E;kE {S HsT o e”}
= e 4N "I SIES 1]
i=1
n
F=e TN "1, SIP9 (C)) (6)
i=1

This result is valid even if no restrictions are made on the form of the sets C;. However, in general, this
result is not a closed formula. The critical term is the probability factor P<i (C;), which analytical form
depends of the form of the set C;. Now we will define C; such that F is a closed formula while allowing
®T' to be as general as possible.

Proposition 2.2. If C; is of the form below, then P2 (C;) can be evaluated using the cumulative
function of the Normal Multivariate distribution.

Tu(a)
C; =< 50,..., 5 : quzl Sléju(l(i) < hq s
v(q)

with uig), v(q) € {1,....,n},hg €ER,Q € N and Ty(g), Ty(q) < T.

Proof. Let Z2(t),...,Z2(t) be n independent brownian motions. The model defined above by (3) and
(4) can be restated equivalently by orthogonalizing the Wiener increments, thus

dst -
o = (r—q)dt + > 05, kdZ2(2) (7)
i =1
with
Zesi,wsj,k = 05;,5,08,05;5 L,j=1,...,n (8)

k=1

Solving the stochastic diferencial equation (7), we have

st 1 T
Sl't :exp{(r—qi— 229gi7k> (Ti—t)+/ Zes,i,kdz,?(u)}. (9)
' k=1 t

g k=1

However, to calculate the P9 (C;) in (6) we need to know S7* expressed in any risk-neutral measure
O, i.e., taking St et as numeraire, with M € {1,...,n}.
Using equations (9) and (5),

T
dQM‘]_-T St o (r—an)(T—1)
St

:exp{—éZ@%MJC(T / ZGSM deQ( )}
k=1
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and applying Girsanov’s theorem:
dZ2M (t) = —0s,, xdt + dZ2(t). (10)
Gathering equations (7) and (10) we have the diffusion of S! written in the measure Qyy,

dst - Y
S; B <T —q; + Z GSi,kGSM’k> e Z esi’dekQM (t)

k=1 k=1

t
Finally, applying [t6’s Lemma to the relative price 5%, we have:
M

d <5j > =d (;t ) [(QM — qi)dt + Xn:(f)s@,k — Oy, 1)dZ2M (t)] ) (11)

Considering that d ( “(")> and d ( “(q)> are geometric brownian motions, the distributions of M,
J\/I M

St S “(Q) .
=% and “(q) are lognormals. Consequently, P<i ({ @ < p }) can be evaluated with the cu-

S, To(q)
M o(@) ol
Tu(q)
mulative function of the Lognormal distribution. However the logarithm of ’}1"(2) , follows a Normal

v(q)

T,
g u(@)
distribution, thus P< <{log ( et ) < log(hq)} can be evaluated with the cumulative function of
s

v(q)
v(q)

the Normal distribution. Accordingly P (C;) can be evaluated using the cumulative function of the
Normal Multivariate distribution. |

3. The Probability Factor P9 (C;). It is well known that the cumulative function of the
Multivariate Normal distribution does not have an explicit expression, and that it has to be evaluated
numerically. In fact, that is also the case of the Univariate Normal. However, several algorithms have
been developed that enable the evaluation of the cumulative function efficiently for problems with up
to 10 dimensions, considering the current computational capabilities. In the results presented in the
section below, it was used the transformation of the function proposed by Alan Genz [5] in conjunction
with Sobol Low Discrepancy Sequences for the generation of Quasi-Random samples.

From section 2 we have,

Tu(1) Tu(@)
P9 (C;) = N | log % < log(hy),...,log (2) < log(hg) (12)
Su(t) 5o

Tu(q)
To evaluate (12) we have to solve the variable terms log ( ?fuq(’q)> and to determine the correlations

v(q)
between each of the dimensions of the Multivariate Normal distribution.

3.1. Variables. Solving the stochastic differential equation (11), we have

sk st 1 & &
SlT St T 2(951.,1@ — Oy 6)° | (T —t) + / Z(Qsi,k — O, k)22 (u) p.
tok=1

k=1
(13)

withi=1,...,n
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Consequently, and assuming T',(q) > T (4) Without loss of generality, since h, can be positive or negative,

STu(Q) St n

u(q) u(q) 1
Tvq(lZ) TSt “oxp { <QM T Ty Z(qu(q),k - QSMJC)2> (Tua) = To(g))+
Sv(q) v(q) k=1

n

1 — 1
<QU(Q Qu(e) ~ 5 Z Stk = O05a k)% + 3 > 05,k — 9sM,1c)2> (To(q) — )+

k=1

Tu(q) To(q)
/ Z 050y k — 051 k) ZQM / Z 05,0k = 05,0 k) ZQM( )} (14)

To) k=1
Simplifying this equation using the facts

e all # are constant,

n 2 2 2 _ 2
i Zk=1(9x,k — 0y k)" =05+ Oy — 20,0ypzy =0

Zl),y?
* ZZ:1(9w,k — Oyk) = 04,y and
we have
T
S u(q) St 1
u(g) _ “ulq) 2
Tv(q) St eXp { <QM - Qu(q) - 2USu(q),SA4) (TU(Q) - Tv(q))Jr
Soig)  Tv@)

1 2 1 2
+ (Qv(q) — Qu(q) — 50’5“,@),5’,\4 + QUSU(Q),SM) (Tu(q) - t)+

TV Tu@ ~ To(@)98ui. S 21 + 1/ To(g) — tUSu(q):Svm)Z?}

where Z1, Zs ~ N(0,1) are independent.
Furthermore, knowing that the variance of the sum of two independent random variables is the sum of
the variances, a final simplification can be applied.

T
S u(q) St 1
u(q) u(q)
Tow — Gt P { <QM Tu(a) = 58,0, sM) (Tu(q) = To)+
Sv(q) v(q)
L, L,
+ Qv(q) — Qu(q) — igsu(q),sM + QUSU(q),SM (Tv(fl) - t)—"_
+ \/ D)% s+ (Tugq) — t)a%u(q),sﬂ(q)Z} , with Z ~ N(0,1).
g (@)
Solving log | =2 | < log(hy) for Z, we have
Sv(vq()q)

vy

log (m ) - (QM ~ Qu(q) — %U%W,SM) (Tutq) = To) — (qu<q> ~ Gu(q) ~ 308, .).5m T %Ui,(q),sM) (Toiq) — 1)
Z <

\/(Tu(Q) - TU(Q))O%u(q),SM ( v(q) — ) u(q) Sv(q)

(15)

3.2. Correlations. To determine the correlations between each of the dimensions of the Multivariate
Normal distribution, we will a generic pair ¢; and ¢o. Thus, we will develop the correlation between

u(a1) Tu(ag)

the random variables log < “(v"(lq)>> and log (%) Without loss of generality we will consider
S 1 2
v(q1) v(q2)

Tutqr) = Toqr)> Tutgs) = To(ge) and Ty(q,) > Tyu(q,)- Though three possible combinations are still left,
namely



EXPANDING FURTHER THE UNIVERSE OF ExX0OTIC OPTIONS CLOSED PRICING FORMULAS

* Tu(q) 2 Tu(gz) = To(ar) = To(gs)
* Tutqr) 2 Tu(as) = To(az) = To(ar)

* Tuq) 2 To(@) 2 Tu(gs) = To(g)

(a1

The analysis will be developed for the first case, having the remaining possibilities an analogous reasoning.
By definition, the covariance between the two random variables is

Tu(ay) Tu(az) Tu(ay) STum)

Covar | log ’}(th) log T(ID) - B log 1%(%) ~ lig, log 1}(%) .
S v(qy) S v(q2) S v(qy) S v(q2)
v(q1) v(g2) v(q1) v(g2)

from equation (14),

Si(th) L,
oy =log | o {4 = ua) = 598,08 ) Tutar) = Totan)

1 2 1 2
+ (qv(%) ~ Qu(qr) — §O—Su(q1)1SM + 20Sy(q1)181\/[> (Tﬂ(th) -1

St 1
u(g2) T T
g, = log (St 2 ) + (QM ~ Qu(q2) ~ QUE*MQQ),SM) (Tua2) = To(an)

1 2 1 2
+ <qv(‘Z2) ~ Qu(g2) T io-su(qg)asM + 2USv(q2)1SI\/I) (TU(QQ) )

Thus, referring to equation (14), we have

Tz@;) T‘(u(qi)
u(qi o u(qz - _
B { los To Mo log STv(Qz) Haz
v(q1) v(qz2)
u(qy) o Ty (q1) o
=F / Z 95“('11) k= esM k dZ M / Z esu(fn) k— esv(ql) k)dZ Al( )
To(qr) k=1
Tu(qs) QM Ty(q) oL,
/ Z (05,100 4 — B k)2 / Z (5.0, 5 — O5.0,0) £)AZ2 (1)
To(az)

Taking in consideration the initial assumption Tu(ql) > Tu(q2) > Tv(ql) > Tv(q2) we can rewrite the
covariance as

u(qy) Tu(az)
[ ST IR (D SRR

Tu(er) k=1 To(qy)
Ty(qy) v(q2)
/ Z (05,0008 = 05,5,.%) dZQM / Z Sutar b~ 9S00, k)dZQM( )>
1f(f12) k=1
u(q2) U(<11)
(/ Z osu(qQ) k= 08k )dZQM( )+ / Z(esu(q2)7k - 9SA4,k)deQM (u)+
Toq1) k=1 To(ar) k=1

Tu(qy)
+/ Z(esu(qz)xk - 951)(q2>x’€)deQM (“)>]
t k=1
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Knowing that the increments ZkQM (u) are independent, the covariance simplifies to

Tu(ql) T“(‘IZ)
u(q1) u(g2) _
Covar | log STu<q1) , STv<q2> = (Tu(qQ) - Ty(ql))asuql »SA{ySuqz»Sl\/f—’_
v(q1) v(qz2)
+ (Tv(ql) - Tv(qz))USuql 1Svgy Sugy SM + (T”(Q’z) o t)asuql Sugy Sugy Sug,

where 0S84,58,5+4,85 = PS0,S405,08, = £S4,5505,085s = PSp,5,05305, + PS5,5;05508s
and a, 8,7,0 = Su, s Sv,, s Sugy s Svg,» M-

Vaqy? Vqg
To find the correlation, we need to divide de covariance by the standard deviation of each random

variable that can be found on the denominator of equation (15).

4. Applications.
4.1. Exchange Option - William Magrabe [11]. The contract function
®T (S, S,) = Max (Sy — S1;0)
may be rewritten as ,
IO (£, @7 (S1,5)) = > ki~ Si(t) - e N (dy,)
i=1

Termi=1
e ky = —1, negative because this term corresponds to the payment of the value of Sq;
e 51, underlying asset delivered if the option is exercised;
« () = {S?,SQT : {2; < 1}}
Term i = 2
e ko = 1, positive because this term corresponds to the value of the underlying asset received;
e S, underlying asset received if the option is exercised;
« Cp— {SlT,SQT : {% < 1}}
Consequently,
I (t, ®7(S1, S2)) = So () - e 2D . N (df,) — S (t) - e T . N (d}))

4.2. Option on the Maximum of Several Assets - Herb
Johnson [9]. The contract function

CI)T(S(),Sl,...,Sn):Max(Sl—So,...,Sn—So)

may be rewritten as

1
o (t, o7 (S0, 51, ..., Sn)) — Z ki - S; (t) Lo i(T—t)  pSi (Cz)
=0

Term =10
e ky = —1, negative because this term corresponds to the payment of the strike price;

e Sy is the strike price;
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C*ST ST.n S(? 1 CfsT ST.n SoT 1CC
[ ] 0= 03 Pn 'Ui:1 SiT < = 0 — 099 9n .ﬂizl S;T <
Termi=1,...,n
e k; =1, positive because this term corresponds to the value of the underlying asset received;

e S; the value of the underlying asset;

sT
o C; = {Sga7sg : ﬁ;’l:(),j#i {S:T < 1}}

Consequently,

I’ (tv(DT(SOa--an)) = Zsl(t) ’ e—a,-(T—t) N (d}S‘n e ’dgm) -
=1

— So(t) - eI (1 - N (=dy,,...,—d%)]

4.3. Option on the 2™! Best Asset. This option gives the right to buy the second most valuable
asset at maturity in exchange for the strike price.

The following analysis can be easily generalized to develop a closed formula for a Best M of N option,
see [22].

Let BO fona (S, ..., S4; So) be an option on the 2" Best of 4 with a strike price of Sy.

4
BOfyna (Sy, .0y S45.80) = »_ S - e TIPS (Cy))

i=0 Z
Termi=1,...,4
e k; =1, positive because this term corresponds to the value of the underlying asset received;
e S; the value of the underlying asset;
o Cs, = { ST, ST Ut 4Cs.s }

Each Csg, ; describes a result state where S] is greater than every other asset except one. For

example, on the set Cs, 1, ST is greater than all other asset except ST .

Cs,1 = {g; > 1,;; <1, 23: <1,§§ <1, g‘i < 1}
05“2:{2; <1,Zj§ >1,§f§ <1,§§ <1,§§ <1}
Csugz{gg <1,Zf§ <1,§§ >17§? <1,§j§ <1}
Csi74:{§; <1,§§ <1,§§ <1,§§ >1,ij <1}
Term i =0
e kg = —1, negative because this term corresponds to the payment of the strike price;

e Sy, is the strike price;
o Cg, = {SlT,...,Sf : u;;lcsg,j}

Conversely, each Cgr ; describes a result state where ST is smaller than all S7; or smaller than

all ST except one; ou smaller than all S7 except two.



ST smaller than all S
CS(’{,IZ{ or <1, T<1

ST smaller than all S; except

ST
Cspa=1{%
_Jss

CSOT,S - {ST
ST

053,4 = {ST

ST
CST 5 — {ST

ST smaller than all S; except two:

<1
<1,
<1,

<1,

ST
ng“,ﬁ = {ST <1
Csr 7= {% <1,
CS&",S = {% <1,
ng“’g = {% < 1,
CS{,lO = {% <1
ng,ll = {g”; <1

BO fona (St .. Sa; So) =

4.4. Target Redemption Options - TAR. This option gives the right to receive a stream of pay-
ments, up to maximum total amount. For example, an option with four years maturity that pays every
5% of the initial price of the underlying, up to a total maximum of 10%, if the underlying is above its
initial value in each of the years. This option would only have two payments maximum, after the second
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7sT<17sT<}
one:
sT s
,§<1,ST<1,ST<1}
ST ST T
%<17ST a70T 1}
sT ST
%<LST ,ST<1}
sT ST
Sig‘<17s(’,)l‘ asT 1}
S ST T
7%<17ST 70T 1}
sT ST
%<175T asT<]-}
sr sy
%<3 < ,ST<1}
ST sT
S<1% <% <1}
ST sy
,§<1,ST<LST<1}
sT ST
<L <15 <1}
4
ZS AP

J=1nj#i

payment the option would be worthless.

Termi=1

N (dg, ;-

e k1 = 5%, quantity of the underlying asset received;

e S7o initial value of the underlying asset;

001:

Term 1 =2

{STl . SK1

e ko = 5%, quantity of the underlying asset received;

e 570 initial value of the underlying asset;

[ ] CQ

= {ST2 :

ST2

<1}

d4

Si,j°

d%hj) -

— 8y e~ (T-1) ZN (d}%’i7 L dd
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Term i =3
e k3 = 5%, quantity of the underlying asset received;

e STo initial value of the underlying asset;

T
o Gy = {87, 8T, 8T df < 152 <15 <1}

o O3y = {ST1,5T2,ST3 T T 1}

o C33= {STI,ST2,ST3 : %Tl < 1;57T2 <1; & < 1}
Termi=4
e ky = 5%, quantity of the underlying asset received;

e 570 initial value of the underlying asset;

T T
C471={ST1,ST2,ST3,ST4: K <1;SK2<1;373<1§

ST1

e
AN
A

T T
Ca = {ST%STQ,STS’ST“ D <lLign <L% <L

K
& # <1}
T T
o Cyg= {57, ST, 8T, 5T S < 152 <1 <L <1
Cus—=13gT g7 gTs gTy . ST .82 1.8 1. K 1
® Uyq= IR RS 'K<7K<7K<7ST4<

TAR (S™, 872, 875 §T4) =5% - §T0 . =0 (Ti=D) . N (dgr, ) +

+5% - STo . e (Ti=t) . N (dgr, ) +
3
+5% - STU . e-Cto(Ti—t) . ZN'L (dST3,17dST3,27dST3,3> +
i=1
4
+5% - §To . gmo(Timt) Z Ni (dgrs 1, dgrs o, dgrs 3,dgms 4)

i=1

5. Results - Method Performance. To evaluate the performance of the method, the pricing
function was implemented in Microsoft Excel Visual Basic and compared with a regular Monte Carlo
experiment. The cumulative function of the Multivariate Normal distribution was implemented using
the algorithm suggested by Alan Genz [5] and with Sobol Low Discrepancy Sequences for the generation
of Quasi-Random samples, also used in the Monte Carlo Experiment.

Three test were performed on an exotic option with an increasing number of exercise conditions.

Test 1

For a given precision of 0.005, with a confidence interval of 99%, how many seconds were
need to calculate the price of the option?

Test 2

For a given precision of 0.002, with a confidence interval of 99%, how many seconds were
need to calculate the price of the option?

Test 8

For a given time of 300 seconds, what precision, with a confidence interval 99%, is the
proposed method able to reach?

The results of the experiment are in the table 1 on page 11.
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6. Conclusions. The exotic options pricing method proposed in this paper does more than creating
a general setting that covers several classical results, it sets a framework that can be applied to any exotic
option that has the predefined properties, namely,

extended european style contracts, allowing comparisons of underlying asset prices at different
moments in time;

with tradable underlying assets (foreign or domestic);

with a return profile that is a linear combination of the prices of the underlyings at each maturity;
and

that the conditions of exercise are defined as a relationship of the underlying assets defined in (2.2.)
on page 3.

Based on the analysis developed, the results of Black e Scholes [2], William Magrabe [11] and Herb
Johnson [9] where recovered and placed under the same general framework. Further more, this analysis
enables the inclusion of the Quanto property on all this contracts.

This paper also presents original pricing closed formulas for (i) options on the Best M of N risky assets!
and on (ii) TAR - Target Redemption options, both widely used in the industry.

Future research can be focused on generalizing further the method here developed to include several other
properties present in exotic options, namely, multiple exercise or compound features. Alternatively, this
analysis could be transposed to other asset classes, for example, interest rates.
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