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1 Introduction

Pricing options on more than one asset with an early-exercise feature is a challenging task
due to the curse of dimensionality. We propose a new class of regression-based Monte Carlo
methods for pricing high-dimensional American-style options. On the basis of the dynamic
programming principle (DDP) in terms of the optimal stopping time, we fit the model
function for the continuation value at every exercise date by robust regression rather than
by ordinary least squares. By using robust regression, we are able to get a more accurate
approximation of the continuation value due to detection of outliers. To prove convergence
of our Robust Regression Monte Carlo (RRM) method, we use techniques of the statistical
learning theory. Especially in the multidimensional case, taking bases with many functions
are vital for an accurate option price estimation. To avoid that unfavorable increase in
complexity, we propose a new technique for calculating the coefficients of the model function
for the continuation value. Our approach runs with few basis functions, and it turns out that
our suggested estimator is nearly unbiased. To improve the convergence of regression-based
Monte Carlo estimators, we extend earlier results for variance reduction via importance
sampling for American-style options. In comparison to existing Monte Carlo methods, we
can improve convergence significantly by implementing our proposed approaches.

2 A Robust Regression Monte Carlo Method

To begin with, we introduce our RRM algorithm in subsection 2.1. We propose a way of
reducing variance by importance sampling for American-style options in subsection 2.2. Fi-
nally, we illustrate our suggested approaches by showing some test results of a comprehensive
option pricing study in subsection 2.3.

2.1 Algorithm

Based on some standard assumptions, the fair price of an American (or Bermudan) option
at time t0 is given by

sup
τ∈T0,L

EQ[e−rτ4tZτ |F0], (1)

where T0,L is the set of all stopping times with values in {0, ..., L}; (Zl)0≤l≤L is an adapted
payoff process, and Q is the riskneutral probability measure, see [2]. We are able to solve the
optimal stopping problem (1) by using the DDP in terms of the value process itself – that
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is the common way – or, alternatively, by using the DDP in terms of the optimal stopping
time given by

τL = L

τl =

{
l , Zl ≥ EQ[e−r(τl+1−l)4tZτl+1

|Fl] =: Cl

τl+1 , otherwise
, l = L− 1, ..., 0 (2)

– that is exactly the idea of the Least Squares Monte Carlo (LSM) method suggested in [6].
In so doing, we obtain the fair option price at time t0 by

V0 = EQ[e−rτ04tZτ0|F0]. (3)

On the basis of the set of N simulated paths of our underlying model denoted by S =
{Snl}n=1,...,N

l=1,...,L , the idea of our RRM method is to approximate the continuation value Cl in
(2) by specifying a loss function `(·) and solving the following regression problem in every
time step:

min
x∈RM

1

J

J∑
j=1

`
(
Cj

l − C
j

l

)
, (4)

where J is the number of in-the-money paths, Cj
l = e−r(τj

l+1−l)4tZj

τ j
l+1

are the regressands

and C
j

l =
∑M−1

m=0 xmφm(Sjl) is the model function for Cl with a basis {φm(·)}M−1
m=0 , j =

1, ..., J ; we denote by τ j
l and Zj

l the approximated optimal stopping time and the payoff of
path j, j = 1, ..., J, at time tl, l = 1, ..., L, respectively. Some loss functions leading to a
robust regression problem are listed in table 1, where γ, γi, i = 0, ..., 3, are transition points
defining outliers; we give some simple rules for determining these points. Note that the LSM
algorithm can be seen as a special case of our proposed method by selecting `(r) = 0.5r2.
As we can see in figure 1, there are some points, namely the red points, which are really
far away from the gray surface. To this end, we motivate our approach by giving these
outliers caused by strongly fluctuated paths fewer weight than the other points. At time
t0 we estimate the continuation value by its empirical mean C0 = 1

N

∑N
n=1e

−rτn
1 4tZn

τn
1
. To

Table 1: Objective functions `(·) for robust regres-
sion.

`(·)

Huber

{
0.5r2 , |r| ≤ γ

γ|r| − 0.5γ2 , |r| > γ

Jonen





γ0 , r ≤ γ0

γ1|r| − 0.5γ2
1 , γ0 < r ≤ γ1

0.5r2 , γ1 < r < γ2

γ2|r| − 0.5γ2
2 , γ2 ≤ r < γ3

γ3 , r ≥ γ3 Figure 1: Approximation of the continuation value
by least squares for a Maximum call option on two
assets.

guarantee an efficient implementation, solving robust regression problems needs special care.
For this purpose, we pay attention on Newton-based methods and propose a new approach
for solving robust regression with very good numerical properties. By doing so, we show local
quadratic convergence for our proposed method. In order to prove convergence of our RRM
estimator, we use techniques of the statistical learning theory. Based on an appropriate error
decomposition, we show the consistency of our RRM estimator and formulate error bounds.



2.2 Variance Reduction via Importance Sampling

In order to improve the convergence behavior of our RRM estimator, we concentrate on
variance reduction by a change of drift in Brownian motion of the underlying model. For
this purpose, we assume that our underlying is driven by an Itô process under Q. By
exploring Girsanov’s theorem we are able to reformulate our option price (3) at t0 as

V0 = EQ[e−rτ04tZτ0|F0] = EQ̃[e−rτ04tZτ0exp{−θT Wτ0 + 0.5‖θ‖2τ0}|F0] (5)

where Wt and W̃t = Wt − θdt are standard Brownian motions under Q and Q̃, respectively.
Assuming that our optimal stopping rule τ1 is known, we get an unbiased estimator of
our continuation value at time date t0 by approximating the quantity on the right-hand
side of (5) by taking the average of the independent and identically distributed samples
e−r4tτ1Zτ1exp{−θT Wτ1 + 0.5‖θ‖2τ1}. To find the drift θ minimizing variance of our new
estimator, we derive the following optimization problem:

min
θ∈RD

EQ

[
e−rτ14tZτ1exp{−θT Wτ1 + 0.5‖θ‖2τ1}

]
(6)

It can be shown that the minimum of (6) exists and is unique. Solving our stochastic
optimization problem (6) by stochastic approximation suggests itself. Since a sub-linearity
condition is not fulfilled in our mathematical context, we use a truncated version of Robbins-
Monro algorithm suggested in [3]. Alternatively, by generating independent and identically
distributed samples, we are able to replace the expectation of task (6) by its empirical

mean. We show that an optimal solution θ̂N of the resulting deterministic optimization task
provides an approximation of the exact optimal solution of problem (6). Following, the drift

θ̂N can be calculated by optimization methods, for instance by the (Quasi-) Newton-Raphson
method. Compared to existing variance reduction techniques via importance sampling, our
approach is based on a known stopping rule.

2.3 Experiments

The structure of the continuation value is often difficult to estimate, especially for options
with a non-smooth payoff. That is why we propose a new technique called Split for calcu-
lating coefficients to get a better approximation locally. The idea is to split the domain of
asset values into several subdomains and to estimate the continuation value for each subdo-
main separately. In order to illustrate the performance of our proposed approaches, table
2 and both figures, 2 and 3, show test results of a comprehensive study of different type of
multi-asset options with an early-exercise feature. Table 2 indicates that our RRM method

Table 2: Bias calculated by the LSM and RRM methods for a Bermudan max
call option on two assets in multi-asset Black Scholes model.

S0 LSM LSM+Split RRM+Split
90 -0.0294 (0.0343) -0.0092 (0.0340) -0.0027 (0.0353)

100 -0.0402 (0.0392) -0.0102 (0.0371) 0.0014 (0.0366)
110 -0.0969 (0.0456) -0.0432 (0.0428) 0.0007 (0.0429)

Notes. Characteristics of the op-
tion are: r = 0.05, T = 3, δd =
0.1, σd = 0.2 for all d, strike=100,
nine exercise opportunities. The
number of paths is 120000 and an-
tithetic variables (AV) are used for
variance reduction. Each bias is de-
termined by fifty runs with different
seeds in the random number genera-
tor and the following benchmark val-
ues: 8.0931, 13.9018 and 21.3439
for S0 = 90, S0 = 100 and S0 =
110, respectively. Benchmark values
result from the three-dimensional Bi-
nomial tree proposed in [7] with 9000
time steps. Values in parantheses are
standard errors.

in combination with Split and our suggested loss function nearly eliminate bias for pricing
a Bermudan call option on two assets. As we can see in figure 2, we are able to obtain
a remarkable convergence improvement by using regression-based Monte Carlo methods in
combination with Split and IS2 or IS3 for pricing a Bermudan max put option on five assets;



we denote by IS1,IS2 and IS3 our importance sampling approach adapted from a truncated
version of Robbins-Monro algorithm, Newton-Raphson and Quasi-Newton-Raphson method,
respectively. Notify that variance reduction by IS2 and IS3 is superior to variance reduction
by IS1 and AV. Furthermore, finding the drift minimizing variance seems to be more effi-
cient by generating samples and solving the resulting deterministic optimization task, rather
than using stochastic approximation. Even though the LSM algorithm with IS2 shows a
nice convergence behavior, we obtain a slight acceleration by using our RRM method with
IS3 and the Huber function, see figure 3. All illustrated experiments are based on the basis
{1, S1, ..., SD, S2

1 , ..., S
2
D} increasing linearly with number of assets D. We need some addi-

tional operations by using our RRM method – due to the iterative solver for robust regression
– and by using our importance sampling approaches – due to searching the optimal drift. For
this reason, figure 2 and 3 show the CPU time versus the root mean square error (RMSE).
However, a comparison of RMSE against number of paths shows that our methods still per-
form better. A logical next step is to determine upper bounds; our comprehensive option
pricing study involves for instance the Andersen-Broadie method proposed in [1]. Test re-
sults indicate that we are able to get tight confidence intervals by running our approaches
in combination with their method. Anyway, the case studies illustrated here show that our
approaches are catalysts for convergence.

Figure 2: RMSE against CPU time for the LSM
method in combination with AV, IS1, IS2, IS3 and
Split for a Bermudan max put option on five assets.

Figure 3: RMSE against CPU time for the LSM
and RRM method with IS2 for a Bermudan max
put option on four assets.

Notes. First, we approximate the optimal stopping rule by determining coefficients of the model function for Cl with 130000 paths; in addition, in
figure 2 we use antithetic variables for reducing variance. Based on this approximated stopping rule we calculate option prices for an increasing number
of paths as follows: In figure 2 the green and black lines show the RMSE by using the LSM method with and without Split, respectively, in combination
with antithetic variables. The grey, red and blue lines show the RMSE by using the LSM method with IS1, IS2 and IS3, respectively, in combination
with Split. In figure 3 the green and black lines show the RMSE by using the LSM and RRM methods, respectively, in combination with Split and IS2.

Parameters of the option are: T = 1, r = 0.045, strike= 100, Sd
0 = 100 for all d,

σ =




0.25
0.35
0.2
0.25
0.2


 , δ =




0.05
0.07
0.04
0.06
0.04


 , P =




1.00 −0.65 0.25 0.20 0.25
−0.65 1.00 0.50 0.10 0.25
0.25 0.50 1.00 0.37 0.25
0.20 0.10 0.37 1.00 0.25
0.25 0.25 0.25 0.25 1.00


 , where P is the matrix of correlations. The approximated

benchmark values are 1.378 for the option on five assets and 1.841 for the option on four assets, see [5].

3 Conclusion

We have presented the key ideas of our RRM method generalizing the LSM method. Due
to taking outliers into account, we are able to reduce bias contrary to the LSM algorithm.
Our convergence proof as well as our proposed robust regression solver allow for switching
between least squares and robust regression at different time dates. We have proposed a loss
function adapting to unknown distributions; other loss functions might be considered. A
further improvement in detecting outliers might be to work with natural bounds for options.
Our suggested splitting technique allows for running regression-based methods with few basis
functions without convergence losses. We have applied variance reduction by a change of drift
in Brownian motion successfully. Nevertheless, we will test other stochastic approximation



approaches rather than a truncated version of Robbins-Monro algorithm for searching the
optimal drift. To sum up, our proposed approaches accelerate convergence significantly.
Although we have shown in [4] that an efficient random number generator in combination
with a variance reduction technique may be superior to quasi-random numbers, we will
extend our comprehensive option pricing study by using different types of random numbers
with low discrepancy. A further possible area of future research might be to apply our ideas
to nonparametric regression.
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